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KUCLID’S ELEMENTS. 


BOOK I. 


- DEFINITIONS. 


1, A point is that which has position, but no mag- 
nitude. 


2. <A line is that which has length without breadth. 

The extremities of a line are points, and the intersection of two 
lines is a point. 

3. A straight line is that which lies evenly between 
its extreme points. 

Any portion cut off from a straight line is called a segment of it. 


4. A surface is that which has length and breadth, 
but no thickness, 
The boundaries of a surface are lines. 


5. A plane surface is one in which any two points 
being taken, the straight line between them lies wholly in 
that surface. 

A plane surface is frequently referred to simply as a plane, 


Norr. Euclid regards a point merely as a mark of position, and 
he therefore attaches to it no idea of size and shape. 

Similarly he considers that the properties of a line arise only from 
its length and position, without reference to that minute breadth which 
every line must really have if actually drawn, even though the most 
perfect instruments are used. 

The definition of a surface is to be understood in a similar way. 


H. E, l 
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6. A plane angle is the inclination of two straight 
lines to one another, which meet together, but are not in 
the same straight line. 


The point at which the straight lines meet is called the vertex of 
the angle, and the straight lines themselves the arms of the angle. 


When several angles are at ono point O, any one C 
of them is expressed by three letters, of which the 
letter that refers to tho vertex is put between the B 
other two. Thus if the straight lines OA, OB, OC 
meet at the point O, the angle contained by the 
straight lines OA, OB is named the angle AOB or 
BOA; and the angle contained by OA, OCisnamed O A 
the angle AOC or COA. Similarly the angle con- 
tained by OB, OC is referred to as the angle BOC 
or COB. But if there be only one angle at a point, 
it may be expressed by a single letter, as the angle 
at O. 


Of the two straight lines OB, OC shewn in the C 
adjoining figure, we recognize that OC is more in- 
clined than OB to the straight line OA: this we B 
express by saying that the angle AOC is greater 
than the angle AOB. ‘Thus an angle must be 
regarded as having magnitude. O A 


It should be observed that the angle AOC is the sum of the 
angles AOB and BOC; and that AOB is the difference of the angles 
AOC and BOC. 


The beginner is cautioned against supposing that the size of an 
angle is altered either by increasing or diminishing the length of its 
arms. 


Another view of an angle is recognized in many branches of 
mathematics ; and though not employed by Euclid, it is here given 
because it furnishes more clearly than any other a conception of what 
is meant by the magnitude of an angle. 

Suppose that the straight line OP in the figure 
is capable of revolution about the point O, like the 
hand of a watch, but in the opposite direction; and 
suppose that in this way it has passed successively 
from the position OA to the positions occupied by 
OB and OC. 

Such a line must have undergone more turning © A 
in passing from OA to OC, than in passing from OA to OB; and 
consequently the angle AOC is said to be greater than the angle AOB. ] 





DEFINITIONS. 


3 
7. When a straight line standing on 

another straight line makes the adjacent | 

angles equal to one another, each of the an- 

gles is called a right angle; and the straight 

line which stands on the other is called a | 


perpendicular to it. 


8. An obtuse angle is an angle which 
is greater than one right angle, but less 


than two right angles. 


9. An acute angle is an angle which is 
less than a right angle. 


{In the adjoining figure the straight line B 
OB may be supposed to have arrived at 
its present position, from the position occu- 
pied by OA, by revolution about the point O ; 
in either of the two directions indicated by (1) 
the arrows: thus two straight lines drawn fe) 
from 8 point may be considered as forming (/) 
two angles, (marked (i) and (ii) in the figure) 
of which the greater (ii) is said to be reflex. 
If the arms OA, OB are in the same 9 —————_f 2 
straight line, the angle formed by them 8 O A 
on either side is called a straight angle. | 


10. Any portion of a plane surface bounded by one 
or more lines, straight or curved, is called a plane figure. 
The sum of the bounding lines is called the perimeter of the figure. 


Two figures are said to be equal in area, when they enclose equal 
portions of a plane surface. , 


11. A circle isa plane figure contained 
by one line, which is calied the circum- 
ference, and is such that all straight lines 
drawn from a certain point within the 
figure to the circumference are equal to one 
another: this point is called the centre of 
the circle. 


A radius of a circle is a straight line drawn from the 
centre to the circumference. 


1—? 
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12. A diameter of a circle is a straight line drawn 
through the centre, and terminated both ways by the 
circumference. 


13. A semicircle is the figure bounded by a diameter 
of a circle and the part of the circumference cut off by the 
diameter. 


14. A segment of a circle is the figure bounded by 
a straight line and the part of the circumference which it 
cuts off. 


15. Rectilineal figures are those which are bounded 
by straight lines. 


16. <A triangle is a plane figure bounded by three 
straight lines. 


Any one of the angular points of a triangle may be regarded as its 
vertex; and the opposite side is then called the base. 


17. A quadrilateral is a plane figure bounded by 
four straight lines. 


The straight line which joins opposite angular points in a quadri- 
lateral is called a diagonal. 


18. A polygon is a plane figure bounded by more 
than four straight lines. 


19. An equilateral triangle is a triangle 
whose three sides are equal. 


> 


20. An isosceles triangle is a triangle two 
of whose sides are equal. 


> 


21. A scalene triangle is a triangle which 
nas three unequal sides. 


AS 
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22. <A right-angled triangle is a triangle 
which has a right angle. a | 


The side opposite to the right angle in a right-angled triangle is 
called the hypotenuse. 


23. An obtuse-angled triangle is a 
triangle which has an obtuse angle. 


24. An acute-angled triangle is a triangle 
which has three acute angles. 

[It will be seen hereafter (Book I. Proposition 17) that every 
triangle must have at least two acute angles. } 


25. Parallel straight lines are such as, being in the 
same plane, do not meet, however far they are produced in 
either direction. 


26. <A Parallelogram is a four-sided Ss 
figure which has its opposite sides pa- d 7 


rallel. 
27. A rectangle is a parallelogram which 

has one of its angles a right angle. | | 
28. A square is a four-sided figure which 


has all its sides equal and all its angles right 
angles. 


[It may easily be shewn that if a quadrilateral 
has all its sides equal and one angle a right angle, 
then all its angles will be right angles.] 


29. Arhombus is a four-sided figure 
which has all its sides equal, but its 
angles are not right angles. 


30. <A trapezium is a four-sided figure 
which has éwo of its sides parallel. 
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ON THE POSTULATES. 


In order to cffect the constructions necessary to the study of 
geometry, it must be supposed that certain instruments are 
available; but it has always been held that such instruments 
should be as few in number, and as simple in character as 
possible. 


For the purposes of the first Six Books @ straight ruler and 
a pair of compasses are all that are needed; and in the follow- 
ing Postulates, or requests, Euclid demands the use of such 
instruments, and assumes that they suffice, theoretically as well 
as practically, to carry out the processes mentioned below. 


PoOsTULATES. 


Tet it be granted, ° 


1. That a straight line may be drawn from any one 
point to any other point. 


When we draw a straight line from the point A to the point B, we 
nre said to join AB. 


2. That a finite, that is to say, a terminated straight 
line may be produced to any length in that straight line. 


3. That a circle may be described from any centre, at 


any distance from that centre, that is, with a radius equal 
to any finite straight Jine drawn from the centre. 


It is important to notice that the Postulates include no means of 
direct measurement: hence the straight ruler is not supposed to be 
graduated ; and the compasses, in accordance with Euclid’s use, are 
not to be employed for transferring distances from one part of a figure 
to another. 


ON THE AXIOMS. 


The science of Geometry is based upon certain simple state- 
monts, the truth of which is assumed at the outset to be self- 
evident. 


These self-evident truths, called by Euclid Common Notions, 
are now known as the Axioms. 


GENERAL AXIOMB, 4 


The necessary characteristics of an Axiom are 
(i) That it should be self-evident; that is, that its truth 
should be immediately accepted without proof. 


(ii) That it should be fundamental; that is, that its truth 
oe not be derivable from any other truth more simple than 
itse 

iii) That it should supply a basis for the establishment of 
further truths. 


These characteristics may be summed up in the following 
definition. 


Derinition. An Axiom is a self-evident truth, which neither 
requires nor is capable of proof, but which serves as a founda- 
tion for future reasoning. 

Axioms are of two kinds, general and geometrical. 


General Axioms apply to magnitudes of all kinds. Geometri- 
cal Axioms refer exclusively to geometrical magnitudes, such as 
have been already indicated in the definitions. 


GENERAL AXIOMS. 


1. Things which are equal to the same thing are equal 
to one another. 

2. If equals be added to equals, the wholes are equal. 

3. If equals be taken from equals, the remainders are 
equal. 

4. If equals be added to unequals, the wholes are un- 
equal, the greater sum being that which includes the greater 
of the unequals. 

5. If equals be taken from unequals, the remainders 
are unequal, the greater remainder being that which is left 
from the greater of the unequals. 

6. Things which are double of the same thing, or 
of equal things, are equal to one another. 

7. Things which are halves of the same thing, or of 
equal things, are equal to one another. 

9.* The whole is greater than its part. 


* To preserve the classification of general anc geometrical axioms, 
we have placed Euclid’s ninth axiom before the eighth. 
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GEOMETRICAL AXIOMS. 


8. Magnitudes which can be made to coincide with one 
another, are equal. 


This axiom affords the ultimate test of the equality of two geome- 
trical magnitudes. It implies that any line, angle, or figure, may be 
supposed to be taken up from its position, and without change in 
size or form, laid down upon a second line, angle, or figure, for the 
purpose of comparison. 


This process is called superposition, and the first magnitude is 
said to be applied to the other. 


10. Two straight lines cannot enclose a space. 


ll. All right angles are equal. 


[The statement that all right angles are equal, admits of proof, 
and is therefore perhaps out of place as an Axiom.] 


12. If a straight line meet two straight lines so as to 
make the interior angles on one side of it together less 
than two right angles, these straight lines will meet if con- 
tinually produced on the side on which are the angles which 
are together less than two right angles, 


A E 





That is to say, if the two straight 
lines AB and CD are met by the straight 
line EH at F and G, in such a way that 
the angles BFG, DGF are together less 
than two right angles, it is asserted that 
AB and CD will meet if continually pro- 
duced in the direction of B and D. 


[Axiom 12 has been objected to on the double ground that i 
be considered self-evident, and that its truth ty be ietuest aon 
simpler principles, It is employed for the first time in the 29th Pro- 
penton of Book 1, where a short discussion of the difficulty will be 
ound. 


The converse of this Axiom is proved in Book I. Proposition 17.] 


INTRODUCTORY. 9 


INTRODUCTORY. 


Plane Geometry deals with the properties of all lines and 
figures that may be drawn upon a plane surface. 


Euclid :a his first Six Books confines himself to the properties 
of straight lines, rectilineal figures, and circles.” 


The Definitions indicate the subject-matter of these books: 
the Postulates and Axioms lay down the fundamental principles 
which regulate all investigation and argument relating to this 
subject-matter. 


Euclid’s method of exposition divides the subject into a 
number of separate discussions, called propositions; each pro- 
position, though in one sense complete in itself, is derived from 
results previously obtained, and itself leads up to subsequent 
propositions. 


Propositions are of two kinds, Problems and Theorems. 


A Problem proposes to effect some geometrical construction, 
such as to draw some particular line, or to construct some re- 
quired figure. 


A Theorem proposes to demonstrate some geometrical truth. 
A Proposition consists of the following parts: 


The General Enunciation, the Particular Enunciation, the 
Construction, and the Demonstration or Proof. 


(i) The General Enunciation is a preliminary statement, 
describing in general terms the purpose of the proposition. 


In a problem the Enunciation states the construction which 
it is proposed to effect: it therefore names first the Data, or 
things given, secondly the Quesita, or things required. 


In a theorem the Enunciation states the property which it 
is proposed to demonstrate: it names first, the Hypothesis, or 
the conditions assumed; secondly, the Conclusion, or the asser- 
tion to be proved. 
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(ii) The Particular Enunciation repeats in special terms 
the statement already made, and refers it to a diagram, which 
enables the reader to follow the reasoning moro easily. 


(iii) The Oonstruction then directs the drawing of such 
straight lines and circles as may be required to effect the purpose 
of a problem, or to prove the truth of a theorem. 


(iv) Lastly, the Demonstration proves that the object pro- 
posed in a problem has been accomplished, or that the property 
stated in a theorem is true. 


Euclid’s reasoning is said to be Deductive, because by a con- 
nected chain of argument it deduces new truths from truths 
already proved or admitted. 


The initial letters Q.5.¥., placed at the end of a problem, 
stand for Quod erat Faciendum, which was to be done. 


The letters Q.E.D. are appended to a theorem, and stand for 
Quod erat Demonstrandum, which was to be proved. 


A Oorollary is a statement the truth of which follows readily 
from an established proposition; it is therefore appended to the 
proposition as an inference or deduction, which usually requires 
no further proof. 


The following symbols and abbreviations may be employed 
in writing out the propositions of Book I., though their use is not 
recommended to beginners. 


for therefore, par! (or |i) for parallel, 
= » is, or are, equal to, —par™ » parallelogram, 
Z » angle, sq. » square, 
rt. L , right angle, rectil. » rectilineal, 
A » triangle, st.line  ,,_ straight line, 
perp. ,, perpendicular, pt. » point; 


and all obvious contractions of words, such as opp., adj., diag., 
&c., for opposite, adjacent, diagonal, &c. 


BOOK L PROP, 1. 1l 


SECTION I. 
Proposirion 1. PROBLEM. 


To describe an equilateral triangle on a given finite 
straight lune. 


C 


[\ 


Let AB be the given straight line, 
It is required to describe an equilateral triangle on AB. 


Construction, From centre A, with radius AB, describe 


the circle BCD. Post. 3. 
From centre B, with radius BA, describe the circle ACE. 
Post, 3. 


From the point C at which the circles cut one another, 
draw the straight lines CA and CB to the points A and B. 
Post. 1. 

Then shall ABC be an equilateral triangle. 


Proof. Because A is the centre of the circle BCD, 


therefore AC is equal to AB. Def. 11. 
And because B is the centre of the circle ACE, 
therefore BC is equal to BA. Def. 11. 


But it has been shewn that AC is equal to AB; 
therefore AC and BC are each equal to AB. 
But things which are equal to the same thing are equal 
to one another. Ax. 1. 
Therefore AC is equal to BC. 
Therefore CA, AB, BC are equal to one another. 
Therefore the triangle ABC is equilateral ; 
and it is described on the given straight line AB. Q.£.F. 
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PROPOSITION 2. PROBLEM. 


From a given point to draw a straight line equal to a 
given straight line. 





Let A be the given point, and BC the given straight line. 


]t is required to draw from the point A a straight line 
equal to BC. 


Construction. Join AB; Post. 1. 
and on AB describe an equilateral triangle DAB. 1. 1. 

From centre B, with radius BC, describe the circle CGH. 
Post. 3. 
Produce DB to meet the circle CGH at G. Post. 2. 

From cehtre D, with radius DG, describe the circle GKF. 
Produce DA to meet the circle GKF at F. Post. 2. 

Then AF shall be equal to BC. 


Proof. Because B is the centre of the circle CGH, 


therefore BC is equal to BG. Def. 11. 
And because D is the centre of the circle GKF, 
therefore DF is equal to DG ; Def. 11. 


and DA, DB, parts of them are equal; Def. 19. 
therefore the remainder AF is equal to the remainder BG. 
Ax, 3. 
And it has been shewn that BC is equal to BG ; 
therefore AF and BC are each equal to BG. 
But things which are equal to the same thing are equal 
to one another. Az. 1, 
Therefore AF is equal to BC ; 
and it has been drawn from the given point A. Q.E.F. 


[This Proposition is rendered necessary by the restriction, tacitly 


imposed by Euclid, that compasses shall not be used to transfer 
distances.] 


BOOK I. PROP. 3. 13 


Proposition 3. PROBLEM. 


From the greater of two given straight lines to cut off a 
part equal to the less. 


D 


F 


Let AB and C be the two given straight lines, of which 
AB is the greater. 
It is required to cut off from AB a part equal to C. 


Construction. From the point A draw the straight line 


AD equal to C; 1. 2. 
and from centre A, with radius AD, describe the circle DEF, 
meeting AB at E. Post. 3. 


Then AE shall be equal to C. 


Proof. Because A is the centre of the circle DEF, 
therefore AE is equal to AD. Def. 11. 
But C is equal to AD. Constr. 
Therefore AE and C are each equal to AD. 
Therefore AE is equal to C; 
and it has been cut off from the given straight line AB. 
Q.E.F 


EXERCISES. 


1, Ona given straight line describe an isosceles triangle having 
each of the equal sides cqual to a given straight line, 


2. Ona given base describe an isosceles triangle having each of 
the equal sides double of the base. df 


3. In the figure of 1. 2, if AB is equal to BC, shew that D, the 
vertex of the equilateral triangle, will fall on the circumference of the 
circle CGH. , yet 


14 EUCLID’S ELEMENTS. 


Obs. Every triangle has six parts, namely its three sides 
and three angles. 

Two triangles are said to be equal in all respects, when 
they can be made to coincide with one another by superposition 
(see note on Axiom 8), and in this case each part of the one 1s 
equal to a corresponding part of the other. 


Proposition 4. THEOREM. 


If two triangles have two sides of the one equal to two 
sides of the other, each to each, and have also the angles 
contained by those sides equal; then shall their bases or thurd 
sides be equal, and the triangles shall be equal in area, and 
their remaining angles shall be equal, each to each, namely 
those to which the equal sides are opposite; that ts to say, the 
triangles shall be equal in all reapects. 


A D 


B C c F 

Let ABC, DEF be two triangles, which have the side AB 
equal to the side DE, the side AC equal to the side DF, and 
the contained angle BAC equal to the contained angle EDF. 


Then shall the base BC be equal to the base EF, and the 
triangle ABC shall be equal to the triangle DEF in area; 
and the remaining angles shall be equal, each to each, to 

which the equal sides are opposite, 
namely the angle ABC to the angle DEF, 
and the angle ACB to the angle DFE. 


For if the triangle ABC be applied to the triangle DEF, 
so that the point A may be on the point D, 
and the straight line AB along the straight line DE, 
then because AB is equal to DE, Hyp, 
therefore the point B must coincide with the point E. 


BOOK I, PROP. 4. 15 


And because AB falls along DE, 
and the angle BAC is equal to the angle EDF, Hyp. 
therefore AC must fall along DF. 
And because AC is equal to DF, Hyp. 
therefore the point C must coincide with the point F. 
Then B coinciding with E, and C with F, 
the base BC must coincide with the base EF; 
for if not, two straight lines would enclose a space ; which 
is impossible. Az. 10. 
Thus the base BC coincides with the base EF, and is 
therefore equal to it. Ax, 8. 
And the triangle ABC coincides with the triangle DEF, 
and is therefore equal to it in area. Ax. 8. 
And the remaining angles of the one coincide with the re- 
maining angles of the other, and are therefore equal to them, 
namely, the angle ABC to the angle DEF, 
and the angle ACB to the angle DFE. 
That is, the triangles are equal in all respects.  Q.E.D. 


Nore. It follows that two triangles which are equal in their 
several parts are equal also in area; but it should be observed that 
equality of area in two triangles does not necessarily imply equality in 
their several parts: that is to say, triangles may be equal in area, 
without being of the same shape. 


Two triangles which are equal in all respects have identity of form 
and magnitude, and are therefore said to be identically equal, or 
congruent. 


The following application of Proposition 4 anticipates 


the chief difficulty of Proposition 5. 

In the equal sides AB, AC of an isosceles triangle A 
ABC, the points X and Y are taken, so that AX 
is equal to AY; and BY and CX are joined. 

Shew that BY is equal to CX. 

In the two triangles XAC, YAB, 

XA is equal to YA, and AC is equal to AB; Hyp. * Y 

that is, the two sides XA, AC are equal to the two 
sides YA, AB, each to each; 


and the angle at A, which is contained by these B C 
sides, is common to both triangles: 
therefore the triangles are equal in all respects; 1.4, 


so that XC is equal to YB. Q. B.D. 
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Proposition 5. THEOREM. 


The angles at the base of an isosceles triangle are equal 
to one another; and if the equal sides be produced, the 
angles on the other side of the base shall also be equal to one 
another. 





Let ABC be an isosceles triangle, having the side AB 
equal to the side AC, and let the straight lines AB, AC be 
produced to D and E: 


then shall the angle ABC be equal to the angle ACB, 
and the angle CBD to the angle BCE, 


Construction. In BD take any point F ; 
and from AE the greater cut off AG equal to AF the less, 1. 3. 
Join FC, GB. 


Proof. Then in the triangles FAC, GAB, 
FA is equal to GA, Constr. 
and AC is equal to AB, Hyp. 
also the contained angle at A is common to the 
two triangles ; 
therefore the triangle FAC is equal to the triangle GAB in 
all respects ; 1. 4, 
that is, the base FC is equal to the base GB, 
and the angle ACF is equal to the angle ABG, 
also the angle AFC is equal to the angle AGB. 
Again, because the whole AF is equal to the whole AG, 
of which the parts AB, AC are equal, Hyp. 
therefore the remainder BF is equal to the remainder CG. 


Because 


BOOK I. PROP. 5. 17 


Then in the two triangles BFC, CGB, 


BF is equal to CG, Proved. 

B and FC is equal to GB, Proved 
ecans® also the contained angle BFC is equal to the 
contained angle CGB, Proved. 


therefore the triangles BFC, CGB are equal in all respects ; 
so that the angle FBC is equal to the angle GCB, 
and the angle BCF to the angle CBG. 1. 4, 


Now it has been shewn that the whole angle ABG is equal 
to the whole angle ACF, 
and that parts of these, namely the angles CBG, BCF, are 
also equal ; 
therefore the remaining angle ABC is equal to the remain- 
ing angle ACB ; 
and these are the angles at the base of the triangle ABC. 
Also it has been shewn that the angle FBC is equal to the 
angle GCB ; 
and these are the angles on the other side of the base. Q.E.D. 


CoroLLary. Hence if a triangle is equilateral it is 
also equiangular. 


FXERCISES. 


1, AB is a given straight line and C agiven point outside it: shew 
how to find any points in AB such that their distance frum C shall be 
equal toa given fength L. Can such points always be found ? 


2. Ifthe vertex C and one extremity A of the base of an isosceles 
triangle are given, find the other extremity B, supposing it to lie on a 
given straight linc PQ. 


8. Describe a rhombus having given two opposite angular points 
A and C, and the length of each side. 


4. AMNB isa straight line ; on AB describe a triangle ABC such 
that the side AC shall be equal to AN and the side BC to MB. 


5. In Prop. 2 the pointA may be joined to either extremity of BC. 
oe the figure and prove the proposition in the case when A is joined 
to C, 


H. E. 2 
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The following proof is sometimes given as a substitute for the first 
part of Proposition 5: 


Proposition 5. ALTERNATIVE PROOF. 


A A 


Cc C' B 


Let ABC be an isosceles triangle, having AB equal to AC: 
then shall the angle ABC be equal to the angle ACB. 
Suppose the triangle ABC to be taken up, turned over and laid down 
again in the position A’B’C’, where A’B’, A’C’, B/C’ represent the 
now positions of AB, AC, BC. 
Then A’B’ is equal to A’C’; and A’B’ is AB in its new position, 
therefore AB is equal to A’C’; 
in the same way AC is equal to A’B’; 
and the included angle BAC is equal to the included angle C’A’B’, for 
they are the same angle in different positions ; 
therefore the triangle ABC is equal to the triangle A’C’B’ in all respects: 
so that the angle ABC is equal to the angle A’C’B’. I. 4, 
But the angle A’C’B’ is the angle ACB in its new position ; 
therefore tle angle ABC is equal to the angle ACB. 


Q. E.D. 
EXERCISES. 


CHIEFLY ON PROPOSITIONS 4 AND 5. 


1. Two circles have the same centre O; OAD and OBE are straight 


lines drawn to cut the smaller circle in A and B and the larger circle 
in D and E: prove that 


(i) AO=BE. (ii) DB=EA. 

(iii) The angle DAB is equal to the angle EBA. 

(iv) The angle ODB is equal to the angle OEA, 

2. ABCD is a square, and L, M, and N are the middle points of 
AB, BC, and CD: prove that 

(i) LM=MN. (ii) AM=DM. 

(iii) AN=AM. (iv) BN=DM. 

[Draw a& separate figure in each case.] 
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8. Ois the centre of a circle and OA, OB are radii; OM divides 
the angle AOB into two equal parts and cuts the line AB in M: prove 
that AM=BM. 


4. ABC, DBC are two isosceles triangles described on the same 
base BC but on opposite sides of it: prove that the angle ABD is 
equal to the angle ACD. 


5. ABC, DBC are two isosceles triangles described on the same 
base BC, but on opposite sides of it: prove that if AD be joined, each 
of the angles BAC, BOC will be divided into two equal parts. 


6. PQR, SQR are two isosceles triangles described on the same 
base QR, and on the same side of it: shew that the angle PQS is 
equal to the angle PRS, and that the line PS divides the angle 
QPR into two equal parts. 


7. If£in the figure of Exercise 5 the line AD meets BC in E, prove 


8. ABCD is a rhombus and AC is joined: prove that the angle 
DAB is equal to the angle DCB. 


9. ABCD is a quadrilateral having the opposite sides BC, AD 
equal, and also the angle BCD equal to the angle ADC: prove that 
BD is equal to AC. 


10. AB, AC are the equal sides of an isosceles triangle; L, M, N 
are the middle points of AB, BC, and CA respectively: prove that 
LM=MN. : 

Prove also that the angle ALM is equal to the angle ANM. 


DerFinition. Each of two Theorems is said to be the Con- 
verse of the other, when the hypothesis of each is the conclusion 
of the other. 


It will be seen, on comparing the hypotheses and conclusions of 
Props. 5 and 6, that each proposition is the converse of the other. 


Notr. Proposition 6 furnishes the first instance of an indirect 
method of proof, frequently used by Kuclid. It consists in shewing 
that an absurdity must result from supposing the theorem to be 
otherwise than true. This form of demonstration is known as the 
Reductio ad Absurdum, and is most commonly employed in establish- 
ing the converse of some foregoing theorem. 

It must not be supposed that the converse of a true theorem is 
itself necessarily true: for instance, it will be seen from Prop. 8, Cor. 
that if two triangles have their sides equal, each to each, then their 
angles will also be equal, each to each; but it may easily be shewn by 
means of a figure that the converse of this theorem is not necessarily 
true. 


2—2 


18 RUCLID’S ELEMENTS. 


PROPOSITION 6, ‘THEOREM. 


If two angles of a triangle be equal to one another, then 
the sides also which subtend, or are opposite to, the equal 
angles, shall be equal to one another. 


A 


Let ABC be a triangle, having the angle ABC equal to 
the angle ACB: 
then shall the side AC be equal to the side AB. 


Construction. For if AC be not equal to AB, 
one of them must be greater than the other. 
If possible, let AB be the greater ; 
and from it cut off BD equal to AC. 1, 3. 
Join DC. 


Proof. ‘Then in the triangles DBC, ACB, 
DB is equal to AC, Constr. 
and BC is common to both, 


pean also the contained angle DBC is equal to the 
contained angle ACB ; Hyp. 

therefore the triangle DBC is equal in area to the triangle 
ACB, 1.4. 


the part equal to the whole; which is absurd. Az. 9. 


Therefore AB is not unequal to AC ; 
that is, AB is equal to AC. Q.E.D. 


COROLLARY. Hence if a triangle is equiangular tt és 
also equilateral. 
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» 


Proposition 7, THEOREM. 


On the same base, and on the same side of it, there 
cannot be two triangles having their sides which are termi- 
nated at one extremity of the base equal to one another, and 
likeurse those which are terminated at the other extremity 
equal to one another. 


If it be possible, on the same base AB, and on the same 
side of it, let there be two triangles ACB, ADB, having their 
sides AC, AD, which are terminated at A, equal to one 
another, and likewise their sides BC, BD, which are termi- 
nated at B, equal to one another. 


CasE I. When the vertex of each triangle is without 
the other triangle. 


Construction. Join CD. Post. 1. 
Proof. Then in the triangle ACD, 
because AC is equal to AD, ET yp. 


therefore the angle ACD is equal to the angle ADC. 1.5. 


But the whole angle ACD is greater than its part, the 
angle BCD, 
therefore also the angle ADC is greater than the angle BCD; 
still more then is the angle BDC greater than the angle 
BCD. 
Again, in the triangle BCD, 
because BC is equal to BD, Et yp. 
therefore the angle BDC is equal to the angle BCD: 1. 5 
but it was shewn to be greater; which is impossible. 
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Casz II. When one of the vertices, as D, is within 
the other triangle ACB, 





B 
Construction. As before, join CD; Post. 1. 
and produce AC, AD to E and F. Post. 2. 


Then in the triangle ACD, because AC is equal to AD, Hyp. 
therefore the angles ECD, FDC, on the other side of the 
base, are equal to one another. 1. 5. 
But the angle ECD is greater than its part, the angle BCD; 
therefore the angle FDC is also greater than the angle 
BCD: 
still more then is the angle BDC greater than the angle 
BCD. 
Again, in the triangle BCD, 
because BC is equal to BD, 2 
therefore the angle BDC is equal to the angle BCD: 1. 5. 
but it has been shewn to be greater ; which is impossible. 
The case in which the vertex of one triangle is on a 
side of the other needs no demonstration. 
Therefore AC cannot be equal to AD, and até the same 
time, BC equal to BD. Q.E.D. 


Norge. Thesides AC, AD are called conterminous sides ; similarly 
the sides BC, BD are conterminous. 


Proposition 8. THEOREM. 


If two triangles have two sides of the one equal to two 
sides of the other, each to each, and have likewise their bases 
equal, then the angle which is contained by the two sides of 
the one shall be equal to the angle which ts contained by 
the two sides of the other. 
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A D G 


B E 
C 


Let ABC, DEF be two triangles, having the two sides 
BA, AC equal to the two sides ED, DF, each to each, namely 
BA to ED, and AC to DF, and also the base BC equal to the 
base EF: 

then shall the angle BAC be equal to the angle EDF. 


Proof. For if the triangle ABC be applied to the 
triangle DEF, so that the point B may be on E, and the 
straight line BC along EF ; 

then because BC is equal to EF, Hyp. 
therefore the point C must coincide with the point F. 


Then, BC coinciding with EF, 

it follows that BA and AC must coincide with ED and DF: 

for if not, they would have a different situation, as EG, GF: 

then, on the same base and on the same side of it there 

would be two triangles having their conterminous sides 
equal. 

But this is impossible. 7 

Therefore the sides BA, AC coincide with the sides ED, DF. 

That is, the angle BAC coincides with the angle EDF, and is 

therefore equal to it. Ax. 8. 

Q. E. D. 


Norr. In this Proposition the three sides of one triangle are 
given equal respectively to the three sides of the other; and from 
this it is shewn that the two triangles may be made to coincide with 
one another. 


Hence we are led to the following important Corollary. 
_Corotiary. Jf in two triangles the three sides of the 


one are equal to the three sides of the other, each to each, 
then the triangles are equal in all respects. 
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The following proof of Prop. 8 is worthy of attention as it is inde- 
pendent of Prop. 7, which frequently presents difficulty to a beginner. 


Proposition 8. ALTERNATIVE PROOF. 


A D 


Let ABC and DEF be two triangles, which have the sides BA, AC 

eer ae to the sides ED, DF, and the base BC equal to the 

ase EF; 
then shall the angle BAC be equal to the angle EDF. 

For apply the triangle ABC to the triangle DEF, so that B may 
fall on E, and BC along EF, and so that the point A may be on the 
side of EF remote from D, 

then C must fall on F, since BC is equal to EF. 

Let A’EF be the new position of the triangle ABC. 

If neither DF, FA’ nor DE, EA’ are in one straight line, 
join DA’. 


Cask I. When DA’ intersects EF. 
Then because ED is equal to EA’, 
therefore the angle EDA’ is equal to the angle EA’D. 1. 5. 
Again because FD is equal to FA’, 
therefore the angle FDA’ is equal to the angle FA’D. 1. 5. 
Hence the whole angle EDF is equal to the whole angle EA’F; 
that is, the angle EDF is equal to the angle BAC. 


Two cases remain which may be dealt with in a similar manner: 
namely, 

Casz II. When DA’ meets EF produced. 

Casz III. When one pair of sides, as DF, FA’, are in one straight 
line. 
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Proposition 9. Prose. 


To bisect a given angle, that is, to divide it into two equal 
parts. 
A 


e 
B Cc 


Let BAC be the given angle: 
it is required to bisect it. 


Construction. In AB take any point D; 


and from AC cut off AE equal to AD. 1. 3. 
Join DE; 
and on DE, on the side remote from A, describe an equi- 
lateral triangle DEF. 1 1. 
Join AF. 


Then shall the straight line AF bisect the angle BAC. 


Proof. For in the two triangles DAF, EAF, 
DA is equal to EA, Constr. 
and AF is common to both; 

and the third side DF is equal to the third side 
EF; Def. 19. 
therefore the angle DAF is equal to the angle EAF. 1. 8. 
Therefore the given angle BAC is bisected by the straight 

line AF. Q.E.F. 


Because 


EXERCISES. 


1, If in the above figure the equilateral triangle DFE were de- 
scribed on the same side of DE as A, what different cases would arise? 
And under what circumstances would the construction fail? 


2. In the same figure, shew that AF also bisects the angle DFE. 
8. Divide an angle into four equal parts. 
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Proposition 10. PrRoBLem. 


To bisect a given finite straight line, that 18, to divide vt 
tnto two equal parts. 


C 


Let AB be the given straight line : 
it is required to divide it into two equal parts. 


Constr. On AB describe an equilateral triangle ABC, 1. 1. 

and bisect the angle ACB by the straight line CD, meeting 

AB at D. 1.9 
Then shall AB be bisected at the point D. 


Proof. For in the triangles ACD, BCD, 
AC is equal to BC, Def. 19. 
and CD is common to both; 
also the contained angle ACD is equal to the con- 
tained angle BCD; Constr. 
Therefore the triangles are equal in all respects: 
so that the base AD is equal to the base BD. I, 4, 
Therefore the straight line AB is bisected at the point D. 
Q. E.F. 


Because 


EXERCISES, 
1, Shew that the straight line which bisects the vertical angle of 
an isosceles triangle, also bisects the base. 


2. On a given base describe an isosceles triangle such that the 
aum of its equal sides may be equal to a given straight line. 
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Proposition 11. Propriem. 


To draw a straight line at right angles to a given straight 
line, from a given point in the same. 


Fe 


A D C cE B 


Let AB be the given straight line, and C the given 
point in it, 

It is required to draw from the point C a straight line 
at right angles to AB. 


Construction. In AC take any point D, 
and from CB cut off CE equal to CD. 1. 3. 
On DE describe the equilateral triangle DFE. 1. 1. 
Join CF. 
Then shall the straight line CF be at right angles to AB. 


Proof. _ For in the triangles DCF, ECF, 
DC is equal to EC, Constr. 
Recnnne: 2. and CF is common to both ; 
and the third side DF is equal to the third side 
EF: Def. 19. 
Therefore the angle DCF is equal to the angle ECF: 1. 8. 
and these are adjacent angles. 

But when a straight line, standing on another straight 
line, makes the adjacent angles equal to one another, each 
of these angles is called a right angle; Def. 7. 

therefore each of the angles DCF, ECF is a right angle. 
Therefore CF is at right angles to AB, 
and has been drawn from a point C init. QE.F. 


EXERCISE. 


In the figure of the above proposition, shew that any point in 
FC, or FC produced, is equidistant from D and E. 
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Proposition 12. PRoBLEM. 


To draw a straight line perpendicular to a given straight 
line of unlimited length, from a given point without tt. 


C 


AF GB 
D 


Let AB be the given straight line, which may be pro- 
duced in either direction, and let C be the given point with- 
out it. 

It is required to draw from the point C a straight line 
perpendicular to AB. 


Construction. On the side of AB remote from C take 


any point D; 
and from centre C, with radius CD, describe the circle FDG, 
meeting AB at F and G. Post. 3. 


Bisect FG at H; 1. 10. 
and join GH. 
Then shall the straight line CH be perpendicular to AB. 
Join CF and CG. 
Proof. Then in the triangles FHC, GHC, 
FH is equal to GH, Constr. 
and HC is con:mon to both; 

and the third side CF is equal to the third side 
CG, being radii of the circle FDG ; Def. 11. 

therefore the angle CHF is equal to the angle CHG; 1. 8. 

and these are adjacent angles. 

But when a straight line, standing on another straight 
line, makes the adjacent angles equal to one another, each 
of these angles is called a right angle, and the straight line 
which stands on the other is called a perpendicular to it. 

Therefore CH is a perpendicular drawn to the given 
straight line AB from the given point C without it. Q.E.F. 


Because 


Norz. The given straight line AB must be of unlimited length, 
that is, it must be capable of production to an indefinite length in 
either aie to ensure its being intersected in two points by the 
circle e 
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EXERCISES ON PROPOSITIONS 1 To 12, 


1. Shew that the straight line which joins the vertex of an 
renee triangle to the middle point of the base is perpendicular 
to the base. 


2. Shew that the straight lines which join the extremities of the 
base of an isosceles triangle to the middle points of the opposite sides, 
are equal to one another. 


3. Two given points in the base of an isosceles triangle are equi- 
distant from the extremities of the base: shew that they are also equi- 
distant from the vertex. 


4, Ifthe opposite sides of a quadrilateral are equal, shew that the 
opposite angles are also equal. 


5. Any two isosceles triangles XAB, YAB stand on the same base 
AB: shew that the angle XAY is equal to the angle XBY; and that 
the angle AXY is equal to the angle BXY. 


6. Shew that the opposite angles of a rhombus are bisected by the 
diagonal which joins them. 


7. Shew that the straight lines which bisect the base angles of an 
isosceles triangle form with the base a triangle which is also isosceles. 


8. ABC is an isosceles triangle having AB equal to AC; and the 
angles at B and C are bisected by straight lines which meet at O: 
shew that OA bisects the angle BAC. 


9. Shew that the triangle formed by joining the middle points of 
the sides of an equilateral triangle is also equilateral. 
10. The equal sides BA, CA of an isosceles triangle BAC are pro- 


duced beyond the vertex A to the points E and F, so that AE is equal 
to AF; and FB, EC are joined: shew that FB is equal to EC. 


11, Shew that the diagonals of a rhombus bisect one another at 
right angles. 
12. In the equal sides AB, AC of an isosceles triangle ABC two 


points X and Y are taken, so that AX is equal to AY; and CX and BY 
are drawn intersecting in O: shew that 


(i) the triangle BOC is isosceles ; 
(ii) AO bisects the vertical angle BAC; 
(ii1) AO, if produced, bisects BC at right angles. 


18. Describe an isosceles triangle, having given the base and the 
length of the perpendicular drawn from the vertex to the base. 

14. In a given straight line find a point that is equidistant from 
two given points, 

In what case is this impossible ? 
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Proposition 13. THEOREM. 


If one straight line stand upon another straight line, 
then the adjacent angles shall be either two right angles, or 


together equal to two right angles. 
A E A 
/ 
D B C D B C 


Let the straight line AB stand upon the straight line Dc; 
then the adjacent angles DBA, ABC shall be either two right 
angles, or together equal to two right angles. 


Case I. For if the angle DBA is equal to the angle ABC, 


each of them is a right angle. Def. 7. 
Case II. But if the angle DBA is not equal to the 
angle ABC, 


from B draw BE at right angles to CD. 111. 
Proof. Now the angle DBA is made up of the two 
angles DBE, EBA; 
to each of these equals add the angle ABC; 
then the two angles DBA, ABC are together equal to the 
three angles DBE, EBA, ABC. Ax, 2, 
Again, the angle EBC is made up of the two angles EBA, 
ABC; 
to each of these equals add the angle DBE. 
Then the two angles DBE, EBC are together equal to the 
three angles DBE, EBA, ABC. Ax, 2, 
But the two angles DBA, ABC have been shewn to be equal 
to the same three angles ; 
therefore the angles DBA, ABC are together equal to the 
angles DBE, EBC. Az, 1. 
But the angles DBE, EBC are two right angles; Constr, 
therefore the angles DBA, ABC are together equal to two 
right angles. Q. E.D. 
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DEFINITIONS. 


(i) The complement of an acute angle is its defect from 
a right angle, that is, the angle by which it falls short of a right 
angle, 
_ Thus two angles are complementary, when their sum is a 
right angle. 


(ii) The supplement of an angle is its defect from two right 
angles, that is, the angle by which it falls short of two right 
angles. 


_ Thus two angles are supplementary, when their sum is two 
right angles, 


Corottary. Angles which are complementary or supple- 
mentary to the same angle are equal to one another. 


EXERCISES. 


1. If the two exterior angles formed by producing a side of a tri- 
angle both ways are equal, shew that the triangle is isosceles. 


2. The bisectors of the adjacent angles which one straight line 
makes with another contain a right angle. 


Nore. In the adjoining figure AOB 
is a given angle; and one of its arms AO 
is produced to C: the adjacent angles 
AOB, BOC are bisected by OX, OY. 

Then OX and OY are called respect- 
ey the internal and external bisectors 
of the angle AOB. 


Hence Exercise 2 may be thus enunciated : 


The internal and external bisectors of an angle are at right angles 
to one another. 





8. Shew that the angles AOX and COY are complementary. 


4. Shew that the angles BOX and COX are supplementary; and 
also that the angles AOY and BOY are supplementary. 
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Proposition 14. THEOREM. 


If, at a point in a straight line, two other straight lines, 
on opposite sides of it, make the adjacent angles together 
equal to two right angles, then these two straight lines shall 
be an one and the same straight line, 


A 
E 
eS ee er ee 
C B D 


At the point B in the straight line AB, let the two 
straight lines BC, BD, on the opposite sides of AB, make 
the adjacent angles ABC, ABD together equal to two right 
angles : 

then BD shall be in the sane straight line with BC. 
Proof. For if BD be not in the same straight line with BC, 

if possible, let BE be in the same straight line with BC. 


Then because AB nects the straight line CBE, 
therefore the adjacent angles CBA, ABE are togcther equal 


to two right angles. 1. 13. 
But the angles CBA, ABD are also together equal to two 
right angles. Hyp. 
Therefore the angles CBA, ABE are together equal to the 
angles CBA, ABD. Ax. 11. 


From each of these equals take the common angle CBA; 
then the remaining angle ABE is equal to the remaining angle 
ABD; the part equal to the whole; which is impossible. 
Therefore BE is not in the saine straight line with BC. 

And in the same way it may be shewn that no other 
line but BD can be in the same straight line with BC. 
Therefore BD is in the same straight line with BC. Q.£.p. 


EXERCISE, 


ABCD is arhombus; and the diagonal AC is bisected at O. If O 
is joined to the angular points B and D; shew that OB and OD are 
in one straight line, 
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Obs. When two straight lines intersect at a point, four 
angles are formed; and any two of these angles which are not 
adjacent, are suid to be vertically opposite to one another. 


Proposition 15. THEOREM. 


If two straight lines intersect one another, then the vertically 





opposite angles shall be equal. 
B 
Cc 86860hMratS—~S 
A 


Let the two straight lines AB, CD cut one another at 
the point E: 
then shall the angle AEC be equal to the angle DEB, 
and the angle CEB to the angle AED. 
Proof. Because AE makes with CD the adjacent angles 
CEA, AED, 
therefore these angles are together equal to two right 
angles. 1. 13. 
Again, because DE makes with AB the adjacent angles AED, 
DEB, 
therefore these also are together equal to two right angles. 
Therefore the angles CEA, AED are together equal to the 
angles AED, DEB. 
From each of these equals take the common angle AED; 
then the remaining angle CEA is equal to the remaining 


angle DEB. Ax, 3. 
In a similar way it may be shewn that the angle CEB 
is equal to the angle AED. Q. E. D. 


Corotuary 1. From this it is manifest that, of two 
straight lines cut one another, the angles which they make 
at the point where they cut, are together equal to four right 


angles. 


Corotuary 2. Consequently, when any number of straight 
lines meet at a point, the sum of the angles made by con 
secutive lines is equal to four right angles. 


ik, 3 
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Proposition 16, THEOREM. 


Lf one side of a triangle be produced, then the exterior angle 
shall be greater than either of the interior opposite angles. 


A F 





Let ABC be a triangle, and let one side BC be produced 
to D; then shall the exterior angle ACD be greater than 
either of the interior opposite angles CBA, BAC. 


Construction. Bisect AC at E: 1. 10, 
Join BE; and produce it to F, making EF equal to BE. 1. 3. 
Join FC, 

Proof. Then in the triangles AEB, CEF, 
AE is equal to CE, Constr. 
Rassias and EB to EF; Constr. 
also the angle AEB is equal to the vertically 
opposite angle CEF ; 1. 15, 
therefore the triangle AEB is equal to the triangle CEF in 
all respects : 1. 4, 


so that the angle BAE is equal to the angle ECF. 


But the angle ECD is greater than its part, the angle ECF; 
therefore the angle ECD is greater than the angle BAE; 
that is, the angle ACD is greater than the angle BAC. 

In a similar way, if BC be bisected, and the side AC 
produced to G, it may be shewn that the angle BC@ is 
greater than the angle ABC. 

But the angle BCG is equal to the angle ACD: 1.15. 
therefore also the angle ACD is greater than the angle ABC. 
Q. E.D, 
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Proposition 17. THEOREM. 


Any two angles of a triangle are together less than two 
right angles. 
A 


B Cc D 


Let ABC be a triangle: then shall any two of its angles, as 
ABC, ACB, be together less than two right angles. 

Construction. Produce the side BC to D. 

Proof. Then because ACD is an exterior angle of the 
triangle ABC, 

therefore it is greater than the interior opposite angle 
ABC. 1. 16, 

To each of these add the angle ACB: 
then the angles ACD, ACB are together greater than the 


angles ABC, ACB. Ag. 4. 
But the adjacent angles ACD, ACB are together equal to 
two right angles, 1, 13, 


Therefore the angles ABC, ACB are together less than two 
right angles, 
Similarly it may be shewn that the angles BAC, ACB, as 
also the angles CAB, ABC, are together less than two right 
angles. Q. E. D. 


Notz. It follows from this Proposition that every triangle must 
have at least two acute angles: for if one angle is obtuse, or a right 
angle, each of the other angles must be less than a right angle. 


EXERCISES. 
1. Enunciate this Proposition so as to shew that it is the converse 
of Axiom 12, 


2. If any side of a triangle is produced both ways, the exterior 
angles so formed are together greater than two right angles. 


8. Bhew how a proof of Proposition 17 may be obtained by 
joining each vertex in turn to any point in the opposite side. 
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ProposiTion 18. THEOREM. 


If one side of a triangle be greater than another, then 
the angle opposite to the greater side shall be greater than 
the angle opposite to the less. 


A 


B C 


Let ABC be a triangle, in which the side AC is greater 
than the side AB: 
then shal] the angle ABC be greater than the angle ACB. 
Construction. From AC, the greater, cut off a part AD equal 
to AB. L 3. 
Join BD. 
Proof. Then in the triangle ABD, 
because AB is equal to AD, 
therefore the angle ABD is equal to the angle ADB. 1. 5. 
But the exterior angle ADB of the triangle BDC is 
greater than the interior opposite angle DCB, that is, 
greater than the angle ACB. 1. 16, 
Therefore also the angle ABD is greater than the angle ACB; 
still more then is the angle ABC greater than the angle 
ACB. Q. E. D. 


Euclid enunciated Proposition 18 as follows : 


The greater side of every triangle has the greater angle 
opposite to at. 


[This form of enunciation is found to be 2 common source of diffi- 
culty with beginners, who fail to distinguish what is assumed in it and 
what is to be proved. 


[For Exercises see page 38.] 
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Proposition 19. THEOREM. 


If one angle of a triangle be greater than another, then 
the side opposite to the greater angle shall be greater than 
the side opposite to the less. 


A 


B Cc 
Let ABC be a triangle in which the angle ABC is greater 
than the angle ACB: 
then shall the side AC be greater than the side AB. 
Proof. For if AC be not greater than AB, 
it must be either equal to, or less than AB. 
But AC is not equal to AB, 
for then the angle ABC would be equal to the angle ACB; 1. 5. 
but it is not. Hyp. 
Neither is AC less than AB; 
for then the angle ABC would be less than the angle ACB; 1.18. 


but it is not: Hyp. 
Therefore AC is neither equal to, nor less than AB. 
That is, AC 1s greater than AB. Q.E.D. 


Notre. The mode of demonstration used in this Proposition is 
known as the Proof by Exhaustion. It is applicable to cases in which 
one of certain mutually exclusive suppositions must necessarily be 
true; and it consists in shewing the falsity of each of these supposi- 
tions in turn with one exception: hence the truth of the remaining 
supposition is inferred. 


Euclid enunciated Proposition 19 as follows: 


The greater angle of every triangle 1s subtended by the 
greater side, or, has the greater side opposite to it. 


(For Exercises see page 38.] 
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Proposition 20. THEOREM. 


Any two sides of a triangle are together greater than the 
third side. 


D 
A 


a 


B C 


Let ABC be a triangle: 
then shall any two of its sides be together greater than the 
third side : 
namely, BA, AC, shall be greater than CB; 
AC, CB greater than BA; 
and CB, BA greater than AC. 


Construction. Produce BA to the point D, making AD equal 


to AC. 1. 3. 
Join DC, 
frog: Then in the triangle ADC, 
because AD 1s equal to AC, Constr. 


therefore the angle ACD is equal to the angle ADC. 1. 5. 

But the angle BCD is greater than the angle ACD; Aw. 9. 

therefore also the angle BCD is greater than the angle ADC, 
that is, than the angle BDC. 


And in the triangle BCD, 
because the angle BCD is greater than the angle BDC, Pr. 
therefore the side BD is greater than the side CB. 1. 19. 


But BA and AC are together equal to BD; 
therefore BA and AC are together greater than CB. 


Similarly it may be shewn 
that AC, CB are together greater than BA; 
and CB, BA are together greater than AC. Q.E.D. 


[For Exercises see page 38.} 
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Proposition 21. THEOREM. 


If from the ends of a side of a triangle, there be drawn 
two straight lines to a point within the triangle, then these 
straight lines shall be less than the other two sides of the 
triangle, but shall contain a greater angle. 


A 
E 
D 


B Cc 


Let ABC be a triangle, and from B, C, the ends of the 
side BC, let the two straight lines BD, CD be drawn to 
@ point D within the triangle: 
then (i) BD and DC shall be together less than BA and AC; 

&3 the angle BDC shall be greater than the angle BAC. 


Construction. Produce BD to meet AC in E. 


Proof. (i) In the triangle BAE, the two sides BA, AE are 

together greater than the third side BE: 1. 20. 
to each of these add EC; 

then BA, AC are together greater than BE, EC. Az. 4, 


Again, in the triangle DEC, the two sides DE, EC are to- 
gether greater than DC: 1. 20. 
to each of these add BD; 
then BE, EC are together greater than BD, DC. 


But it has been shewn that BA, AC are together greater 
than BE, EC: 
still more then are BA, AC greater than BD, DC. 


(ii) Again, the exterior angle BDC of the triangle DEC is 

greater than the interior opposite angle DEC ; 1. 16. 

and the exterior angle DEC of the triangle BAE is greater 

than the interior opposite angle BAE, that is, than the 

angle BAC ; 1. 16. 

still more then is the angle BDC greater than the angle BAC. 
Q.E.D. 
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EXERCISES 
on Proposrrions 18 anp 19. 


1, The hypotenuse is the greatest side of a right-angled triangle. 


2. If two angles of « triangle are equal to one another, the sides 
also, which subtend the equal angles, are equal to one another. Prop, 6. 
Prove this indirectly by using the result of Prop. 18. 


8. BC, the base of an isosceles triangle ABC, is produced to any 
point D; shew that AD is greater than either of the equal sides. 


4. Ifin a quadrilateral the greatest and least sides are opposite to 
one another, then each of the angles adjacent to the least side is 
greater than its opposite angle. 

5. In a triangle ABC, if AC is not greater than AB, shew that 


any straight line drawn through the vertex A and terminated by the 
base BC, is less than AB. 


6. ABC is a triangle, in which OB, OC bisect the angles ABC, 
ACB respectively: shew that, if AB is greater than AC, then OB is 
greater than OC. 


oN Proposition 20. 


7. The difference of any two sides of a triangle is less than 
the third side. 


8. Ina quadrilateral, if two opposite sides which are not parallel 
are produced to meet one another; shew that the perimeter of the 
greater of the two triangles so formed is greater than the perimeter of 
the quadrilateral. 


9. The sum of the distances of any point from tle three angular 
points of a triangle is greater than half its perimeter. 


10. The perimeter of a quadrilateral is greater than the sum of its 
diagonals, 


11. Obtain a proof of Proposition 20 by bisecting an angle by a 
straight line which meets the opposite side. 


ON ProposirTion 21. 


12. In Proposition 21 shew that the angle BDC is greater than 
the angle BAC by joining AD, and producing it towards the base. 


13. The sum of the distances of any point within a triangle from 
its angular points is less than the perimeter of the triangle, 


BOOK I. PROP. 22. 39 


Proposition 22. PROBLEM. 


To describe a triangle having tts sides equal to three 
given straight lines, any two of which are together greater 
than the third, 

A 
L B 


K C 


D G HE 


M 


Let A, B, C be the three given straight lines, of which 
any two are together greater than the third. 

It is required to describe a triangle of which the sides 
shall be equal to A, B, C. 


Construction. Take a straight line DE terminated at the 
point D, but unlimited towards E. 

Make DF equal to A, FG equal to B, and GH equal toc. 1. 3. 
From centre F, with radius FD, describe the circle DLK. 
From centre G with radius GH, describe the circle MHK, 

cutting the former circle at K. 
Join FK, GK. 
Then shall the triangle KFG have its sides equal to the 
three straight lines A, B, C. 


Proof. Because F is the centre of the circle DLK, 


therefore FK is equal to FD: Def. 11. 

but FD is equal to A; Constr. 

therefore also FK is equal to A. Ax, 1, 

Again, because G is the centre of the circle MHK, 

therefore GK is equal to GH: Def. 11. 

but GH is equal to C; C‘onstr. 

therefore also GK is equal to C. Ax. 1. 

And FG is equal to B. Constr. 


Therefore the triangle KFG has its sides KF, FG, GK equal 
respectively to the three given lines A, B, C. Q.E.F. 
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EXERCISE, 


On a given base describe a triangle, whose remaining sides shall be 
equal to two given straight lines. Point out how the construction 
fails, if any one of the three given lines is greater than the sum of 
the other two. 


Proposition 23. PROBLEM. 


At @ given point in a given straight line, to make an 
angle equal to a given angle. 


C A 


D F 
B 


Let AB be the given straight line, and A the given point 
in it; and let DCE be the given angle. 

Tt is required to draw from A a straight line making 
with AB an angle equal to the given angle DCE. 


Construction. In CD, CE take any points D and E; 


and join DE. 
From AB cut off AF equal to CD. 1. 3. 
On AF describe the triangle FAG, having the remaining 
sides AG, GF equal respectively to CE, ED. I. 22. 


Then shall the angle FAG be equal to the angle DCE. 
Proof. For in the triangles FAG, DCE, 


FA is equal to DC, Constr. 
Because and AG is equal to CE; Constr. 
and the base FG is equal to the base DE: Constr. 


therefore the angle FAG is equal to the angle DCE. 1. 8, 
That is, AG makes with AB, at the given point A, an angle 
equal to the given angle DCE. Q.E.F. 


BOOK I. PROP. 24. 4) 


Proposition 24, 


If two triangles have twe sides of the one equal to two 
sides of the other, each to each, but the angle contained by 
the two sides of one greater than the angle contained by 
the corresponding sides of the other; then the base of that 
which has the greater angle shall be greater than the base of the 
other. 


A D 


B CE G 
F 


Let ABC, DEF be two triangles, in which the two sides 
BA, AC are equal to the two sides ED, DF, each to each, 
but the angle BAC greater than the angle EDF: 

then shall the base BC be greater than the base EF. 

* Of the two sides DE, DF, let DE be that which is not 
greater than the other. 

Construction. At the point D, in the straight line ED, 
and on the same side of it as DF, make the angle EDG 
equal to the angle BAC. I. 23. 

Make DG equal to DF or AC; 1. 3, 
and join EG, GF. 

Proof. Then in the triangles BAC, EDG, 


BA is equal to ED, Hyp. 

Bsceies and AC is equal to DG, Constr. 
also the contained angle BAC is equal to the 

contained angle EDG ; Constr. 


Therefore the triangle BAC is equal to the triangle EDG in 
1, 4, 


all respects : 
so that the base BC is equal to the base EG. 


* See note on the next page. 
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D 


B CE Q 
F 


Again, in the triangle FDG, 
because DG is equal to DF, 
therefore the angle DFG is equal to the angle DGF, 1. 5. 
but the angle DGF is greater than the angle EGF ; 
therefore also the angle DFG is greater than the angle EGF; 
still more then is the angle EFG greater than the angle EGF. 


And in the triangle EFG, 
because the angle EFG is greater than the angle EGF, 
therefore the side EG is greater than the side EF; 1. 19. 
but EG was shewn to be equal to BC; 
therefore BC is greater than EF. Q.E.D, 


* This condition was inserted by Simson to ensure that, in the 
complete construction, the point F should fall below EG. Without 
this condition it would be necessary to consider three cases: for F 
might fall above, or upon, or below EG; and each figure would require 
separate proof, 

We are however scarcely at liberty to employ Simson’s condition 
without proving that it fulfils the object for which it was introduced. 


This may be done as follows: 
Let EG, DF, produced if necessary, intersect at K. 
Then, since DE is not greater than DF, 
that is, since DE is not greater than DG, 
therefore the angle DGE is not greater than the angle DEG. 1. 18. 
But the exterior angle DKG is greater than the angle DEK: 1. 16. 
therefore the angle DKG is greatcr than the angle DGK. 


Hence DG is greater than DK. 1, 19, 


But DG is equal to DF; 
therefore DF is greater than DK. 
So that the point F must fall below EG. 
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Or the following method may be adopted. 


Proposition 24. [ALTERNATIVE Proor.] 


In the triangles ABC, DEF, 
let BA be equal to ED 


A D 
and AC equal to DF, 

but let the angle BAC be greater than 

the angle EDF: 
then shall the base BC be greater than 

the base EF. 

_ For apply the triangle DEF to the 

B CeE : 


triangle ABC, so that D may fall on A, 
and DE along AB: 
then because DE is equal to AB, 
therefore E must fall on B. 
And because the angle EDF is less than the angle BAC, Hyp. 
therefore DF must fall between AB and AC. 
Let DF occupy the position AG. 


Case I. IfG falls on BC: 
Then G must be between B and C: 
therefore BC is greater than BG. 
But BG is equal to EF : 
therefore BC is greater than EF. 


Case II. If G does not fall on BC. 
Bisect the angle CAG by the straight line AK 
which meets BC in K. 1. 9. 
Join GK. 
Then in the triangles GAK, CAK, 
re is equal to CA, ne ITyp. 
and AK is common to both; 
Because jut the angle GAK is equal to the Cc 
angle CAK; Constr, B K 
therefore GK is equal to CK. 1, 4, G 
But in the triangle BKG, 
the two sides BK, KG are together greater than the third side BG, 1. 20. 
that is, BK, KC are together greater than BG; 
therefore BC is greater than BG, or EF. Q.E.D. 
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Proposition 25. THEOREM. 


If two triangles have two sides of the one equal to two 
sides of the other, each to each, but the base of one greater 
than the base of the other ; then the angle contained by the 
sides of that which has the greater base, shall be greater than 
the angle contained by the corresponding sides of the other. 


A D 
B \ 
c 


Let ABC, DEF be two triangles which have the two sides 
BA, AC equal to the two sides ED, DF, each to each, but the 
base BC greater than the base EF : 

then shall the angle BAC be greater than the angle EDF. 


Proof. For if the angle BAC be not greater than the 
angle EDF, it must be either equal to, or less than the 
angle EDF. 


But the angle BAC is not equal to the angle EDF, 
for then the base BC would be equal to the base EF; 1. 4. 
but it is not, Hyp. 
Neither is the angle BAC less than the angle EDF, 
for then the base BC would be less than the base EF; 1. 24. 
but it is not. Hyp. 


Therefore the angle BAC is neither equal to, nor less than 
the angle EDF ; 
that is, the angle BAC is greater than the angle EDF. Q.£E.p. 


EXERCISE. 


In a triangle ABC, the vertex A is joined to X, the middle 
point of the base BC; shew that the angle AXB is obtuse or acute, 
socording as AB is greater or less than AC. 
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Proposition 26. THEOREM. 


If two triangles have two angles of the one equal to two 
angles of the other, each to each, and a side of one equal 
to a side of the other, these sides being either adjacent to the 
equal angles, or opposite to equal angles in each ; then shall 
the triangles be equal in all respects. 


Case I. When the equal sides are adjacené to the equal 
angles in the two triangles. 


A 


B CE F 


Let ABC, DEF be two triangles, which have the angles 
ABC, ACB, equal to the two angles DEF, DFE, each to each ; 
and the side BC equal to the side EF: 
then shall the triangle ABC be equal to the triangle DEF 

in all respects ; 
that is, AB shall be equal to DE, and AC to DF, 

and the angle BAC shall be equal to the angle EDF. 

For if AB be not equal to DE, one must be greater than 
the other. If possible, let AB be greater than DE. 


Construction. From BA cut off BG equal to ED, 1, 3, 
and join GC. 
Proof. Then in the two triangles GBC, DEF, 
GB is equal to DE, Constr. 
Besnusa and BC to EF, Hyp. 
also the contained angle GBC is equal to the 
contained angle DEF ; Hyp. 


therefore the triangles are equal in all respects; 1. 4. 
so that the angle GCB is equal to the angle DFE. 
But the angle ACB is equal to the angle DFE; Hyp. 
therefore also the angle GCB is equal to the angle ACB; Az.1. 
the nort annual to the whole, which ia imnossihle 
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A D 


B CeE F 


Therefore AB is not unequal to DE, 
that is, AB is equal to DE. 


Hence in the triangles ABC, DEF, 


AB is equal to DE, Proved. 

Hacaies and BC is equal to EF ; Hyp. 
also the contained angle ABC is equal to the 

contained angle DEF ; Hyp. 


therefore the triangles are equal in all respects: 1. 4. 
so that the side AC is equal to the side DF ; 
and the angle BAC to the angle EDF. QeE.p. 


CasE II. When the equal sides are opposite to equal 
angles in the two triangles. 


A D 


B H CE F 


Let ABC, DEF be two triangles which have the angles 
ABC, ACB equal to the angles DEF, DFE, each to each, 
and the side AB equal to the side DE: 

then shall the triangles ABC, DEF be equal in all respects ; 
that is, BC shall be equal to EF, and AC to DF, 

and the angle BAC shall be equal to the angle EDF. 
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For if BC be not equal to EF, one must be greater than 
the other. If possible, let BC be greater than EF. 


Construction. From BC cut off BH equal to EF, 1, 3. 
and join AH. 


Proof. Then in the triangles ABH, DEF, 


AB is equal to DE, Hyp. 

paves and BH to EF, Constr. 
also the contained angle ABH is equal to the 
contained angle DEF ; Hyp. 


therefore the triangles are equal in all respects, 1. 4. 
so that the angle AHB is equal to the angle DFE. 


But the angle DFE is equal to the angle ACB; Hyp. 
therefore the angle AHB is equal to the angle ACB; Az. 1. 
that is, an exterior angle of the triangle ACH is equal to 
an interior opposite angle ; which is impossible. 1. 16. 
Therefore BC is not unequal to EF, 
that is, BC is equal to EF. 


Hence in the triangles ABC, DEF, 


AB is equal to DE, Hyp. 

and BC is equal to EF ; Proved. 

Pecanke also the contained angle ABC is equal to the 
contained angle DEF ; yp. 


therefore the triangles are equal in all respects ; 1. 4. 
so that the side AC is equal to the side DF, 
and the angle BAC to the angle EDF. 
Q.E.D. 


CoroLuary. Jn both cases of this Proposition it 18 seen 
that the triangles may be made to coincide with one another; 
and they are therefore equal in areca. 
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ON THE IDENTICAL EQUALITY OF TRIANGLES. 


At the close of the first section of Book I., it is worth while 
to call special attention to those Propositions (viz. Props. 4, 8, 26) 
which deal with the identical equality of two triangles. 


The results of these Propositions may be summarized thus: 


Two triangles are equal to one another in all respects, when 
the following parts in cach are equal, each to each. 


1. Two sides, and the included angle. Prop. 4. 
2. The three sides. Prop. 8, Cor. 


3. (a) Two angles, and the adjacent side. 


(b) Two angles, and the side opposite one of | 26. 
them. 


From this the beginner will perhaps surmise that two tri- 
angles may be shewn to be equal in all respects, when they have 
éhree parts equal, each to each; but to this statement two obvious 
exceptions must be made. 


(i) When in two triangles the three angles of one are equal 
to the three angles of the other, each to each, it does not 
necessarily follow that the triangles are equal in all respects. 


(ii) When in two triangles two sides of the one are equal 
to two sides of the other, each to cach, and one angle equal to 
one angle, these not being the angies included by the equal sides ; 
the triangles are not necessarily equal in all respects, 


In these cases a further condition must be added to the 
hypothesis, before we can assert the identical equality of the 
two triangles, 


[See Theoreins and Exercises on Book I., Ex, 13, Page 92.] 


We observe that in each of the three cases already proved 
of identical equality in two triangles, namely in Propositions 4, 
8, 26, it is shewn that the triangles may be made to coincide 
with one another; so that they are equal in area, as in all 
other respects. Euclid however restricted himself to the use of 
Prop. 4, when he required to deduce the equality in area of two 
triangles from the equality of certain of their parts. 


This restriction has been abandoned in the present text-book. 
[See note to Prop. 34.] 
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EXERCISES ON PROPOSITIONS 12—26. 


1. If BX and CY, the bisectors of the angles at the base BC of an 
isosceles triangle ABC, meet the opposite sides in X and Y; shew that 
the triangles YBC, XCB are equal in all respects. 


2. Shew that the perpendiculars drawn from the extremities of 
the base of an isosceles triangle to the opposite sides are equal. 


8. Any point on the bisector of an angle is equidistant from the 
arms of the angle. 


4. Through O, the middle point of a straight line AB, any straight 
line is drawn, and perpendiculars AX and BY are dropped upon it from 
A and B: shew that AX is equal to BY. 


5. If the bisector of the vertical angle of a triangle is at right 
angles to the base, the triangle is isosceles. 


6. The perpendicular is the shortest straight line that can be 
drawn from a given point to a given straight line; and of others, that 
which is nearer to the perpendicular is less than the more remote; and 
two, and only two equal straight lines can be drawn from the given 
voint to the given straight line, one on each side of the perpendicular. 


7. From two given points on the same side of a given straight line, 
draw two straight lines, which shall meet in the given straight line 
and make equal angles with it. 


Let AB be the given straight line, 
and P, Q the given points. 
It is required to draw from P and Q 
to a point in AB, two straight lines A Ko, iH B 
that shall be equally inclined to AB. = 
Construction. From P draw PH 
perpendicular to AB: produce PH to 
P’, making HP’ equal to PH. Draw QP’, meeting AB in K. Join 
PK 


Then PK, QK shall be the required lines, [Supply the proof.] 


8. In a given straight line find a point which is equidistant from 
two given intersecting straight lines. In what case is this impossible? 


9. Through a given point draw a straight line such that the per- 


pendiculars drawn to it from two given points may be equal. 
In what case is this impossible? 


4— 9 
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SECTION II. 
PARALLEL STRAIGHT LINES AND PARALLELOGRAM. 


DeFINITION. Parallel straight lines are such as, being 
in the same plane, do not meet however far they are pro- 
duced in both directions. 


When two straight lines AB, CD are met by a third straight 
line EF, eight angles are formed, to which 
for the sake of distinction particular A 
names are given, 

Thus in the adjoining figure, 

1, 2, 7, 8 ars called exterior angles, 
3, 4, 5,6 are called interior angles, 
4 and 6 are said to be alternate angles ; 


so also the angles 3 and 5 are alternate to 
one another. 


Of the angles 2 and 6, 2 is referred to as the exterior angle, 
and 6 as the interior opposite angle on the same side of EF. 


2 and 6 are sometimes called corresponding angles. 
So also, 1 and 5, 7 and 3, 8 and 4 are corresponding angles. 





Euclid’s treatment of parallel straight lines is based upon his 
twelfth Axiom, which we here repeat. 


Axiom 12. If a straight line cut two straight lines so 
as to make the two interior angles on the same side of 
it together less than two right angles, these straight lines, 
being continually produced, will at length meet on that 
side on which are the angles which are together less than 
two right angles. 


Thus in the figure given above, if the two angles 3 and 6 are 
together less than two right angles, it is asserted that AB and 
CD will meet towards B and D. 


This Axiom is used to establish 1, 29: some remarks upon it 
will be found in a note on that Proposition. 


BOOK I. PROP. 97. 5] 


Proposition 27. THEOREM. 


If a straight line, falling on two other straight lines, make 
the alternate angles equal to one another, then the straight 
lines shall be parallel. 


ke 
A GB 
Pigs 
CH OD 


Let the straight line EF cut the two straight lines AB, 
CD at G and H, so as to make the alternate angles AGH, 
GHD equal to one another: 

then shall AB and CD be parallel. 


Proof. For if AB and CD be not parallel, 

they will meet, if produced, either towards B and D, or to- 
wards A and C. 

If possible, let AB and CD, when produced, meet towards B 
and D, at the point K. 

Then KGH is a triangle, of which one side KG is produced 
to A: 

therefore the exterior angle AGH is greater than the interior 
opposite angle GHK. 1. 16. 


But the angle AGH is equal to the angle GHK: Hyp. 
hence the angles AGH and GHK are both equa. and unequal; 
which is impossible. 

Therefore AB and CD cannot meet when produced towards 
B and D. 
Similarly it may be shewn that they cannot mect towards 
A and C: 
therefore they are parallel. Q.E.D 
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ProposiTION 28. THEOREM. 


If a straight line, falling on two other straight lines, 
make an exterior angle equal to the interior opposite angle 
on the same side of the line; or of tt make the interior 
angles on the same side together equal to two right angles, 
then the two straight lines shall be parallel. 


.* 
G B 


C-—-- -D 


A 


F 
Let the straight line EF cut the two straight lines AB, 
CD in G and H: and 
First, let the exterior angle EGB be equal to the interior 
opposite angle GHD: 
then shall AB and CD be parallel. 
Proof. Because the angle EGB is equal to the angle GHD; 
and because the angle EGB is also equal to the vertically op- 
posite angle AGH; 1. 15. 
therefore the angle AGH is equal to the angle GHD; 
but these are alternate angles; 
therefore AB and CD are parallel. 1. 27, 
Q. E. D. 
Secondly, let the two interior angles BGH, GHD be to-~ 
gether equal to two right angles: 
then shall AB and CD be parallel. 


Proof. Because the angles BGH, GHD are together equal 


to two right angles; Hyp. 
and because the adjacent angles BGH, AGH are also together 
equal to two right angles ; I. 13. 


therefore the angles BGH, AGH are together equal to the 
two angles BGH, GHD. 
From these equals take the common angle BGH: 
then the remaining angle AGH is equal to the remaining 
angle GHD: and these are alternate angles; 
therefore AB and CD are parallel. 1, 27. 
Q.E. D. 


BOOK I. prop. 29. 53 


Proposition 29. THEOREM. 


Tf a straight line full on two parallel straight lines, then it 
shall make the alternate angles equal to one another , and the 
extertor angle equal to the interior opposite angle on the 
same side, and also the two interior angles on the same 
side equal to two right angles. 


E 
A— € B 
C D 


F 


Let the straight line EF fall on the parallel straight 
lines AB, CD: 


then (i) the alternate angles AGH, GHD shall be equal to 
one another; 


(ii) the exterior angle EGB shall be equal to the interior 
opposite angle GHD; 


(ili) the two interior angles BGH, GHD shall be together 
equal to two right angles. 
Proof. <i) For if the angle AGH be not equal to the angle 
GHD, one of them must be greater than the other. 
If possible, let the angle AGH be greater than the angle 
GHD ; 
add to each the angle BGH: 
then the angles AGH, BGH are together greater than the 
angles BGH, GHD. 
But the adjacent angles AGH, BGH are together equal to 
two right angles ; 1, 13. 
therefore the angles BGH, GHD are together less than two 
right angles; 
therefore AB and CD meet towards Band D, Az. 1? 
But they never meet, since they are parallel. Hyp. 
Therefore the angle AGH is not unequal to the angle GHD: 
that is, the alternate angles AGH, GHD are equal. 


(Over) 
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A a: 


(ii) Again, because the angle AGH is equal to the verti- 
cally opposite angle EGB; 1. 15. 
and because the angle AGH is equal to the angle GHD; 

Proved. 
therefore the exterior angle EGB is equal to the interior op- 
posite angle GHD 


(iii) Lastly, the angle EGB is equal to the angle GHD; 
Proved. 
add to each the angle BGH; 
then the angles EGB, BGH are together equal to the angles 
BGH, GHD. 
But the adjacent angles EGB, BGH are together equal to 


two right angles: 1.13. 
therefore also the two interior angles BGH, GHD are to- 
gether equal to two right angles. Q.E. D. 


EXERCISES ON PROPOSITIONS 27, 28, 29. 


1. Two straight lines AB, CD bisect one another at O: shew that 
the straight lines joining AC and BD are parallel. [1. 27.] 


2. Straight lines which are perpendicular to the same straight line 
are parallel to one another. {x. 27 or x. 28.] 


8. Ifa straight line meet two or more parallel straight lines, and is 
perpendicular to one of them, it is also perpendicular to all the others. 
[1. 29.] 


4, If two straight lines are parallel to two other straight lines, each 
to each, then the angles contained by the first pair are equal respectively 
to the angles contained by the second pair. (1. 29.] 
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Note ON THE TWELFTH AXIOM. 


it must be admitted that Euclid’s twelfth Axiom is un- 
satisfactory as the basis of a theory of parallel straight lines. 
It cannot be regarded as either simple or self-evident, and it 
therefore falls short of the essential characteristics of an axiom: 
nor is the difficulty entirely removed by considering it as a cor- 
rollary to Proposition 17, of which it is the converse. 

Many substitutes have been proposed ; but we need only notice 
here the system which has met with most general approval. 

This system rests on the following hypothesis, which is put 
forward as a fundamental Axiom. 


Axiom. Two intersecting straight lines cannot be both parallel 
to a third straight line. 


This statement is known as Playfair’s Axiom; and though 
it is not altogether free from objection, it is recommended as 
both simpler and more fundamental than that employed by 
Euclid, and more readily admitted without proof. 


Propositions 27 and 28 having been proved in the usual way, 
the first part of Proposition 29 is then given thus. 


PROPOSITION 29. [ALTERNATIVE Proor. | 


Tf a straight line fall on two parallel straight lines, then tt 
shall make the alternate angles equal. 


Let the straight line EF meet the two 





parallel straight lines AB, CD, at G E 
and H: 
then shall the alternate angles AGH, G 
GHD be equal. ——_ oe 
For if the angle AGH is not equal to the Pp 
angle GHD: 
at G in the straight line HG make the C— ,, 0 
angle HGP equal to the angle GHD, 
and alternate to it. 1. 23. 


Then PG and CD are parallel. 1. 27. <F 
But AB and CD are parallel: Hyp. 
therefore the two intersecting straight lines AG, PG are both parallel 
to CD; 


which is impossible. Playfair’s Axiom. 
Therefore the angle AGH is not unequal to the angle GHD, 
that is, the alternate angles AGH, GHD are equal. Q.z.p. 
The second and third parts of the Proposition may then be deduced 
as in the text; and Euclid’s Axiom 12 follows as a Corollary. 
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Proposition 30, THEOREM. 


Straight lines which are parallel to the same straight line 
are parallel to one another. 





Let the straight lines AB, CD be each parallel to the 
straight line PQ: 
then shall AB and CD be parallel to one another. 


Construction. Draw any straight line EF cutting AB, CD, 
and PQ in the points G, H, and K. 


Proof. Then because AB and PQ are parallel, and EF 
meets them, 
therefore the angle AGK is equal to the alternate angle GKQ. 
1. 29. 
And because CD and PQ are parallel, and EF meets them, 
therefore the exterior angle GHD is equal to the interior 
opposite angle HKQ. 1. 29, 


Therefore the angle AGH is equal to the angle GHD; 
and these are alternate angles; 
therefore AB and CD are parallel. 1. 27. 
Q.E.D. 


Nore. If PQ lies between AB and CD, the Proposition may be 
established in a similar manner, though in this case it scarcely needs 
proof; for it is inconceivable that two straight lines, which do not 
meet an intermediate straight line, should meet one another. 

The truth of this Proposition may be readily deduced from 
Playfair’s Axiom, of which it is the converse. 

For if AB and CD were not parallel, they would meet when pro- 
duced. Then there would be two intersecting straight lines both 
parallel to a third straight line: which is impossible. 


Therefore AB and CD never meet; that is, they are parallel. 
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Proposition 31. PrRoBLEM. 


To draw @ straight line through a given point parallel 
to a given straight line. 


_/_ 
B 5 G 


Let A be the given point, and BC the given straight line. 
It is required to draw through A a straight line parallel to 
BC. 


Construction. In BC take any point D; and join AD. 
At the point A in DA, make the angle DAE equal to the 
angle ADC, and alternate to it. 1, 23, 
and produce EA to F. 
Then shall EF be parallel to BC. 


Proof. Because the straight line AD, meeting the two 
straight lines EF, BC, makes the alternate angles EAD, ADC 


equal ; Constr. 
therefore EF is parallel to BC; 1. 27. 
and it has been drawn through the given point A. 
Q. EF. 
EXERCISES. 


1. Any straight line drawn parallel to the base of an isosceles 
triangle makes equal angles with the sides. 


2. If from any point in the bisector of an angle a straight line is 
drawn parallel to either arm of the angle, the triangle thus formed is 
isosceles. 


8. From a given point draw a straight line that shall make with 
a given straight line an angle equal to a given angle. 


4, From X,a point in the base BC of an isosceles triangle ABC, a 
straight line is drawn at right angles to the base, cutting AB in Y, and 
CA produced in Z: shew the triangle AYZ is isosceles. 


5. If the straight line which bisects an exterior angle of a triangle 
is parallel to the opposite side, shew that the triangle is isosceles, 
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Proposition 32. THEOREM. 


If a side of a triangle be produced, then the exterior 
angle shall be equal to the sum of the two interior opposite 
angles: also the three interior angles of a triangle are together 
equal to two right angles. 


A 


B Cc D 


Let ABC be a triangle, and let one of its sides BC be 
produced to D: 
then (i) the exterior angle ACD shall be equal to the sum 
of the two interior opposite angles CAB, ABC; 


(ii) the three interior angles ABC, BCA, CAB shall 
be together equal to two right angles. 


Construction. Through C draw CE parallel to BA. 1. 31. 


Proof. (i) Then because BA and CE are parallel, and AC 
meets them, 

therefore the angle ACE is equal to the alternate angle 
CAB. 1. 29. 


Again, because BA and CE are parallel, and BD meets them, 
therefore the exterior angle ECD is equal to the interior 
opposite angle ABC. 1. 29. 


Therefore the whole exterior angle ACD is equal to the 
sum of the two interior opposite angles CAB, ABC. 


(ii) Again, since the angle ACD is equal to the sum of 
the angles CAB, ABC; Proved, 
to each of these equals add the angle BCA: 
then the angles BCA, ACD are together equal to the three 

angles BCA, CAB, ABC. 
But the adjacent angles BCA, ACD are together equal to 
two right angles; 1, 13. 
therefore also the angles BCA, CAB, ABC are together equal 
to two right angles. Q. E. D. 
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From this Proposition we draw the following important 
inferences. 


1. If two triangles have two angles of the one equal to two angles of 
the other, each to each, then the third angle of the one is equal to the 
third angle of the other. 


2. In any right-angled triangle the two acute angles are com- 
plementary. 


3. In a right-angled isosceles triangle each of the equal angles 
is half a right angle. 


4. If one angle of a triangle is equal to the sum of the other two, 
the triangle 13 right-angled. 


5. The sum of the angles of any quadrilateral figure is equal to 
four right angles. 


6. Each angle of an equilateral triangle is two-thirds of a right 
angle. 


EXERCISES ON PROPOSITION 32 


1. Prove that the three angles of a triangle are together equal to 
two right angles, 


(i) by drawing through the vertex a straight line parallel 
to the base; 


(ii) by joining the vertex to any point in the base. 


2. If the base of any triangle is produced both ways, shew that 
the sum of the two exterior angles diminished by the vertical angle is 
equal to two right angles. 


8. If two straight lines are perpendicular to two other straight 
lines, each to each, the acute angle between the first pair is equal 
to the acute angle between the second pair, 


4, Every right-angled triangle is divided into two isosceles tri- 
angles by a straight line drawn from the right angle to the middle point 
of the hypotenuse. 


Hence the joining line is equal to half the hypotenuse. 


_ 5. Draw a straight line at right angles to a given finite straight 
iin from one of its extremities, without producing the given straight 
ine. 


_ [Let AB be the given straight line. On AB describe any isosceles 
triangle ACB. Produce BC to D, making CD equal to BC. Join 
AD. Then shall AD be perpendicular to AB.] 
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6. Trisect a right angle. 


7. The angle contained by the bisectors of the angles at the base 
of an isosceles triangle is equal to an exterior angle formed by pro- 
ducing the base. 


8. The angle contained by the bisectors of two adjacent angles of 
a quadrilateral is equal to half the sum of the remaining angles. 


The following theorems were added as corollaries to 
Proposition 32 by Robert Simson. 


CorottaRy J]. All the wnterior angles of any rectilineal 
figure, with four right angles, are together equal to twice as 
many right angles as the figure hus sides. 


D 


A B 


Let ABCDE be any rectilineal figure. 
Take F, any point within it, 
and join F to each of the angular points of the figure. 
Then the figure is divided into as many triangles as it has 
sides. 
And the three angles of each triangle are together equal 
to two right angles. 1. 32, 


Hence ali the angles of all the triangles are together equal 
to twice as many right angles as the figure has sides. 

But all the angles of all the triangles make up the in- 
terior angles of the figure, together with the angles 
at F; 

and the angles at F are together equal to four right 
angles: 1, 15, Cor. 

Therefore al! the interior angles of the figure, with four 
right angles, are together equal to twice as many right 
angles as the figure has sides. Q. E. D. 
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Cornotuary 2. If the sides of a rectilineal figure, which 
has no re-entrant angle, are produced in order, then all the ex- 
terior angles so formed are together equal to four right angles. 


For at each angular point of the figure, the interior angle 
and the exterior angle are together equal to two right 
angles. 1 13, 

Therefore all the interior angles, with all the exterior 
angles, are together equal to twice as many right angles 
as the figure has sides. 


But all the interior angles, with four right angles, are to- 
gether equal to twice as many right angles as the figure 
has sides. 1, 32, Cor. 1. 

Therefore all the interior angles, with all the exterior 
angles, are together equal to all the interior angles, with 
four right angles, 

Therefore the exterior angles are together equal to four. 
right angles. Q. E. D. 


EXERCISES ON SIMSON’S COROLLARIES. 


[A polygon is said to be regular when it has all its sides and all its 
angles equal. | 


1. Express in terms of a right angle the magnitude of each angle 
of (i) a regular hexagon, (ii) a regular octagon. 

2. If one side of a regular hexagon is produced, shew that the ex- 
terior angle is equal to the angle of an equilateral triangle. 


3. Prove Simson’s first Corollary by joining one vertex of the 
rectilineal figure to each of the other vertices. 


a Find the magnitude of each angle of a regular polygon of 
n sides. 


5. If the alternate sides of any polygon be produced to meet, the 
sum of the included angles, together with eight right angles, will 
be equal to twice as many right angles as the figure has sides. 
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Proposition 33. ‘THEOREM. 


The straight lines which join the extremities of two equal 
and parallel straight lines towards the same parts are them- 
selves equal and parallel. 


A B 


C D 


Let AB and CD be equal and parallel straight lines; 
and Jet them be joined towards the same parts by the 
straight lines AC and BD: 


then shall AC and BD be equal and parallel. 
Construction. Join BC, 


Proof. Then because AB and CD are parallel, and BC 
meets them, 
therefore the alternate angles ABC, BCD are equal. 1. 29. 


Now in the triangles ABC, DCB, 
AB is equal to DC, Hyp. 
and BC is common to both; 
also the angle ABC is equal to the angle 
DCB; Proved. 
therefore the triangles are equal in all respects; _1. 4. 
so that the base AC is equal to the base DB, 
and the angle ACB equal to the angle DBC; 
but these are alternate angles ; 
therefore AC and BD are parallel: 1, 27 
and it has been shewn that they are also equal. 
Q. E. D. 


Because 


Derinition. A Parallelogram is a four-sided figure 
whose opposite sides are parallel. 


BOOK L PROP, 34. 63 


Proposition 34. THEOREM. 


The opposite sides and angles of a parallelogram are 
equal to one another, and each diagonal bisects the parallelo- 
gram. 


A B 


C — Dp 


Let ACDB be a parallelogram, of which BC is a diagona. : 
then shall the opposite sides and angles of the figure be 
equal to one another; and the diagonal BC shall bisect it. 


Proof. Because AB and CD are parallel, and BC meets 
them, 
therefore the alternate angles ABC, DCB are equal. 1. 29. 
Again, because AC and BD are parallel, and BC meets 
them, 
therefore the alternate angles ACB, DBC are equal. 1. 29. 
Hence in tke triangles ABC, DCB, 
the angle ABC is equal to the angle DCB, 
and the angle ACB is equal to the angle DBC; 
also the side BC, which is adjacent to the equal 
angles, is common to both, 
therefore the two triangles ABC, DCB are equal in all 
respects ; 1. 26, 
so that AB is equal to DC, and Av to DB; 
and the angle BAC is equal to the angle CDB. 

Also, because the angle ABC is equal to the angle DCB, 
and the angle CBD equal to the angle BCA, 
therefore the whole angle ABD is equal to the whole angle 

DCA. 
And since it has been shewn that the triangles ABC, DCB 
are equal in all respects, 
therefore the diagonal BC bisects the parallelogram ACDB. 
Q.E.D. 


Because 


[See note on next page.] 
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Notr. To the proof which is here given Euclid added an applica 
tion of Proposition 4, with a view to shewing that the triangles ABC, 
DCB are equal in area, and that therefore the diagonal BC bisects the 
saps lea This equality of area is however sufficiently established 

y the step which depends upon 1. 26. [See page 48.] 


EXERCISES. 


1, Jf one angle of a parallelogram is a right angle, all tts angles 
are right angles, 


2. If the opposite sides of a quadrilateral are equal, the figure ts a 
parallelogram. 


3. If the opposite angles of a quadrilateral are equal, the figure is 
a parallelogram. 


4, If a quadrilateral has all tts sides equal and one angle a right 
angle, all its angles are right angles. 


5, The diagonals of a parallelogram bisect each other. 


6. If the diagonals of a quadrilateral bisect each other, the Jigure 
is a parallelogram. 


7. If two opposite angles of a parallelogram are bisected by the 
diagonal which joins them, the figure is equilateral, 


8. Ifthe diagonals of a parallelogram are equal, all its angles are 
right angles. 


9. Ina parallelogram which is not rectangular the diagonals are 
unequal. 


10. Any straight line drawn through the middle point of a diagonal 
of a parallelogram and terminated by a pair of opposite sides, is 
bisected at that point. 


ll. If two parallelograms have two adjacent sides of one equal to 
two adjacent sides of the other, each to each, and one angle of one equal 
to one angle of the other, the parallelograms are equal in all respects, 


12. Two rectangles are equal if two adjacent sides of one are 
equal to two adjacent sides of the other, each to each. 


13, Ina parallelogram the perpendiculars drawn from one pair of 
opposite angles to the diagonal which joins the other pair are equal. 


14. If ABCD is a parallelogram, and X, Y respectively the middle 
points of the sides AD, BC; shew that the figure AYCX is a parallelo- 
gram. ‘. 
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MISCELLANEOUS EXERCISES ON SECTIONS 1. AND II. 


1. Shew that the construction in Proposition 2 may generally be 
performed in eight different ways. Point out the exceptional case. 


2. The bisectors of two vertically opposite angles are in the same 
straight line. 


8. In the figure of Proposition 16, if AF is joined, shew 
(i) that AF is equal to BC; 


(ii) that the triangle ABC is equal to the triangle CFA in all 
respects. 


4, ABC isa triangle right-angled at B, and BC is produced to D: 
shew that the angle ACD is obtuse. 


5. ; Shew that in any regular polygon of n sides each angle contains 
2(n—- 2) 


m 


right angles. 


6. The angle contained by the bisectors of the angles at the base 
of any triangle is equal to the vertical angle together with half the 
sum of the base angles. 


7. The angle contained by the bisectors of two exterior angles of 
any triangle is equal to halt the sum of the two corresponding interior 
angles. 


8. If perpendiculars are drawn to two intersecting straight lines 
from any point between them, shew that the bisector of tho angle 
between the perpendiculars is parallel to (or coincident with) the 
bisector of the angle between the given straight lines. 


9. If two points P, Q be taken in the equal sides of an isosceles 
triangle ABC, so that BP is equal to CQ, shew that PQ is parallel to 
BC. 


10. ABC and DEF are two triangles, such that AB, BO are equal 
and parallel to DE, EF, each to each; shew that AC is equal and 
parallel to DF. 


11. Prove the second Corollary to Prop. 32 by drawing through 
any angular point lines parallel to all the sides. 


12. If two sides of a quadrilateral are parallel, and the remaining 
two sides equal but not parallel, shew that the opposite angles are 
Supplementary; also that the diagonals are equal. 

A—9 


SECTION IIT. 


THE AREAS OF PARALLELOGRAMS AND TRIANGLES, 


Hitherto when two figures have been said to be equal, it has 
been implied that they are identically equal, that is, equal in all 
respects. 


In Section III. of Euclid’s first Book, we have to consider 
the equality in area of parallelograms and triangles which are 
not necessarily equal in all respects. 


[The ultimate test of equality, as we have already seen, is afforded 
by Axiom 8, which asserts that magnitudes which may be made to 
coincide with one another are equal. Now figures which are not identi- 
cally equal, cannot be made to coincide without first undergoing some 
change of form: hence the method of direct superposition is unsuited 
to the purposes of the present section. 

We shall see however from Euclid’s proof of Proposition 35, that 
two figures which are not identically equal, may nevertheless be so 
related to a third figure, that it is possible to infer the equality of 
their areas. ] ; 


DEFINITIONS. 


1. The Altitude of a parallelogram with reference to a 
given side as base, is the perpendicular distance between 
the base and the opposite side. 


2. The Altitude of a triangle with reference to a given 
side as base, is the perpendicular distance of the opposite 
vertex from the base. 
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Proposition 35. THEOREM. 


Parallelograms on the same base, and between the same 
parallels, are equal in area, 


A D FA DE F AE DF 
B C B C B C 
Let the parallelograms ABCD, EBCF be on the same 
base BC, and between the same parallels BC, AF : 
then shall the parallelogram ABCD be equal in area to 
the parallelogram EBCF. 


Case I. If the sides of the given parallelograms, oppo- 
site to the common base BC, are terminated at the same 


point D: 
then because each of the parallelograms is double of tl:e 
triangle BDC; 1. 34. 
therefore they are equal to one another. Ax. 6. 


Case II. Butif the sides AD, EF, opposite to the be3e 
BC, are not terminated at the same point: 
then because ABCD is a parallelogram, 
therefore AD is equal to the opposite side BC; 1. 34. 
and for a similar reason, EF is equal to BC ; 
therefore AD is equal to EF. Ax. 1. 
Hence the whole, or remainder, EA is equal to the whole, 
or remainder, FD. 
Then in the triangles FDC, EAB, 
FD is equal to EA, Proved. 
and DC is equal to the opposite side AB, 1. 34. 
also the exterior angle FDC is equal to the interior 
opposite angle EAB, 1. 29. 
therefore the triangle FDC is equal to the triangle EAB. I. 4. 
From the whole figure ABCF take the triangle FDC; 
and from the same figure take the equal triangle EAB ; 
then the remainders are equal ; Ax. 3. 
that is, the parallelogram ABCD is equal to the parallelv- 
gram EBCF., Q. E. D. 


Because 
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Proposition 38. THEOREM. 


Triangles on equal bases, and between the same parallels, 
are equal in area. 


G A D H 


B CE F 


Let the triangles ABC, DEF be on equal bases BC, EF, 
and between the saine parallels BF, AD: 
then shall the triangle ABC be equal to the triangle DEF. 


Construction. Through B draw BG parallel to CA, to 
meet DA produced in G; 1. 31. 
through F draw FH parallel to ED, to meet AD produced in H. 


Proof. Then, by construction, each of the figures GBCA, 
DEFH is a parallelogram. Def. 26. 
And GBCA is equal to DEFH ; 
for they are on equal bases BC, EF, and between the same 
parallels BF, GH. 1. 36. 

And the triangle ABC is half of the parallelogram GBCA, 
for the diagonal AB bisects it. 1. 34, 
Also the triangle DEF is half the parallelogram DEFH, 
for the diagonal DF bisects it. 1. 34. 
But the halves of equal things are equal: da. 7. 
therefore the triangle ABC is equal to the triangle DEF. 
Q.E.D. 


From this Proposition we infer that: 
(i) Triangles on equal bases and of equal altitude are equal 


wn ared. 


(ii) Of two triangles of the same altitude, that ts the greater 
which has the greater base: and of two triangles on the same base, 
or on equal bases, that is the greater which has the greater altitude, 


[For Exercises see page 78.] 
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Proposition 39. THEOREM, 


Equal triangles on the same base, und on the same side 
of it, are between the same parallels. 


A D 
E 


= 


B Cc 


Let the triangles ABC, DBC which stand on the same 
base BC, and on the same side of it, be equal in area: 
then shall they be between the same parallels ; 
that is, if AD be joined, AD shall be parallel to BC. 


Construction. Jor if AD be not parallel to BC, 
if possible, through A draw AE parallel toBC, 1.31. 
meeting BD, or BD produced, in E. 
Join EC. 
Proof. Now the triangle ABC is equal to the triangle EBC, 
for they are on the same base BC, and between the same 
parallels BC, AE. 1. 37. 
But the triangle ABC is equal to the triangle DBC; Hyp. 
therefore also the triangle DBC is equal to the triangle EBC; 
the whole equal to the part ; which is impossible. 
Therefore AE is not parallel to BC. 
Similarly it can be shewn that no other straight line 
through A, except AD, is parallel to BC. 


Therefore AD is parallel to BC. 





Q. B.D. 


From this Proposition it follows that : 
Equal triangles on the sume base huve equal altitudes, 


[For Exercises see page 73.] 
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Proposition 40. THEOREM, 


Equal triangles, on equal bases in the same straight line, 
and on the same side of tt, are between the same parallels, 


A td D 
B CE F 
Let the triangles ABC, DEF which stand on equal bases 
BC, EF, in the same straight line BF, and on the same side 
of it, be equal im area: 
then shall they be between the same parallels; 
that is, if AD be joined, AD shall be parallel to BF. 
Construction. For if AD be not parallel to BF, 
if possible, through A draw AG parallel to BF, 1. 31. 


meeting ED, or ED produced, in G. 
Join GF. 


Proyf. Now the triangle ABC is equal to the triangle GEF, 
for they are on equal bases BC, EF, and between the 
same parallels BF AG. I, 38. 
But the triangle ABC is equal to the triangle DEF: Hyp. 

therefore also the triangle DEF is equal to the triangle GEF : 

the whole equal to the part; which is impossible. 
Therefore AG is not parallel to BF. 
Similarly it can be shewn that no other straight line 
through A, except AD, is parallel to BF. 
Therefore AD is parallel to BF. 


Q.E.D. 


From this Proposition it follows that: 


(i) qual triangles on equal bases have equal altitudes 
(ii) qual triangles of equal altitudes have equal bases. 
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EXERCISES ON PROPOSITIONS 37—40. 


Derinition. Each of the three straight lines which join 
the angular points of a triangle to the middle points of the 
opposite sides is called a Median of the triangle. 


oN Prop. 87. 


1. If, in the figure of Prop.37, AC and BD intersect in K, shew that 


(i) the triangles AKB, DKC are equal in area. 
(li) the quadrilaterals EBKA, FCKD are equal. 


2. In the figure of 1. 16, shew that the triangles ABC, FBC are 
equal in area. 


3. On the base of a given triangle construct a second triangle, 
equal in area to the first, and having its vertex in a given straight 
line. 

4. Describe an isosceles triangle equal in area to a given triangle 
and standing on the same base. 


on Pror, 38. 

5. A triangle is divided by each of its medians into two parts of 
equal area. 

6. A parallelogram is divided by its diagonals into four triangles 
of equal area. 

7. ABC is a triangle, and its base BC is bisected at X; if Y 
be any point in the median AX, shew that the triangles ABY, ACY are 
equal in area. 


8. In AC, a diagonal of the parallelogram ABCD, any point X is 
taken, and XB, XD are drawn: shew that the triangle BAX is equal 
to the triangle DAX. 


9. If two triangles have two sides of one respectively equal to two 
sides of the other, and the angles contained by those sides supplement- 
ary, the triangles are equal in area. 


ON Prop. 39. 


10. The straight line which joins the middle points of two sides of 
a triangle is parallel to the third side. 


11. If two straight lines AB, CD intersect in O, so that the triangle 
AOC is equal to the triangle DOB, shew that AD and CB are parallel. 


ON Prop. 40. 


12. Deduce Prop. 40 from Prop. 89 by joining AE, AF in the 
figure of page 72. 
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Proposition 41. THEOREM. 


Tf a parallelogram and a triangle be on the same base 
and between the same parallels, the parallelogram shall be 
double of the triangle. 


A D E 


B C. 


Let the parallelogram ABCD, and the triangle EBC be 
upon the same base BC, and between the same parallels 
BC, AE: 
then shall the parallelogram ABCD be double of the triangle 

EBC. 

Construction. Join AC, 

Proof. Then the triangle ABC is equal to the triangle EBC, 
for they are on the same base BC, and between the same 

parallels BC, AE. 1. 37. 
But the parallelogram ABCD is double of the triangle ABC, 

for the diagonal AC bisects the parallelogram. 1,34, 

Therefore the parallelogram ABCD is also double of the 
triangle EBC. Q.E.D. 


EXERCISES, 


1. ABCD is a parallelogram, and X, Y are the middle points of 
the sides AD, BC; if Z is any point in XY, or XY produced, shew 
that the triangle AZ B is one quarter of the parallelogram ABCD. 


2. Describe a right-angled isosceles triangle equal to a given square. 


8. If ABCD isa parallelogram, and XY any points in DC and AD 
respectively: shew that the triangles AXB, BYC are equal in area. 


4. ABCD is a parallelogram, and P is any point within it; shew 
eee the sum of the triangles PAB, PCD is equal to half the paral- 
ooram., 
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Proposition 42. PRoBLEM. 


To describe a parallelogram that shall be equal to a given 
triangle, and have one of its angles equal to a given angle. 


A FG 


bh 


Let ABC be the given triangle, and D the given angle. 
It is required to describe a parallelogram equal to ABC, and 
having one of its angles equal to D, 


B E C 


Construction. Bisect BC at E. 1. 10. 
At E in CE, make the angle CEF equal toD; 1. 23. 
through A draw AFG parallel to EC ; 1 31. 


and through C draw CG parallel to EF. 
Then FECG shall be the parallelogram required. 
Join AE, 


Proof. Now the triangles ABE, AEC are equal, 
for they are on equal bases BE, EC, and between the same 
parallels; 1, 38, 
therefore the triangle ABC is double of the triangle AEC. 
But FECG is a parallelogram by construction; Def. 26, 
and it is double of the triangle AEC, 
for they are on the same base EC, and between the same 
parallels EC and AG. 1, 41, 
Therefore the parallelogram FECG is equal to the triangle 
ABC; 
and it has one of its angles CEF equal to the given angle D. 
Q. E. F. 


EXERCISES. 
1. Describe s parallelogram equal to a given square standing on 
the same base, and having an angle equal to half a right angle. 


2. Describe a rhombus equal to a given parallelogram and stand. 
ing on the same base. When does the construction fail? 
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DerFinition. If in the diagonal of a parallelogram any 
point is taken, and straight lines are drawn through it 
parallel to the sides of the parallelogram; then of the four 
parallelograms into which the whole figure is divided, the 
two through which the diagonal passes are called Paral- 
lelograms about that diagonal, and the other two, which 
with these make up the whole figure, are called the 
complements of the parallelograms about the diagonal. 


Thus in the figure given below, AEKH, KGCF are parallelograms 
about the diagonal AC; and HKFD, EBGK are the complements of 
those parallelograms. 


Norg. A parallelogram is often named by two letters only, these 
being placed at opposite angular points. 


PrRoposiTion 43. THEOREM. 


The complements of the parallelograms about the diagonal 
of any parallelogram, are equal to one another. 


AH D 


E! F 


B G G 


Let ABCD be a parallelogram, and KD, KB the comple- 
ments of the parallelograms EH, GF about the diagonal AC: 
then shall the complement BK be equal to the comple- 

ment KD. 

Proof. Because EH is a parallelogram, and AK its diagonal, 
therefore the triangle AEK is equal to the triangle AHK. 1. 34. 
For a similar reason the triangle KGC is equal to the 

triangle KFC. 
Hence the triangles AEK, KGC are together ts to the 
triangles AHK, KFC. 
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But the whole triangle ABC is equal to the whole triangle 


ADC, for AC bisects the parallelogram ABCD ; 1.34. 
therefore the remainder, the complement BK, is equal to the 
remainder, the complement KD. Q.E.D. 
EXERCISES. 


In the figure of Prop. 43, prove that 
(i) The parallelogram ED is equal to the parallelogram BH. 


(ii) If KB, KD are joined, the triangle AKB is equal to the 
triangle AKD. 


Propvosition 44. PrRoBLEM. 


To a given straight line to apply a parallelogram which 
shall be equal toa given triangle, and have one of its angles 
equal to a given angle. 





Let AB be the given straight line, C the given triangle, 
and D the given angle. 

It is required to apply to the straight line AB a paral- 
lelogram equal to the triangle C, and having an angle equal 
to the angle D. 


Construction. On AB produced describe a parallelogram 
BEFG equal to the triangle C, and having the angle EBG 


equal to the angle D; I. 22 and 1. 42*, 

through A draw AH parallel to BG or EF, to meet FG pro- 

duced in H. 1. 31. 
Join HB. 


* This step of the construction is effected by first describing on AB 
produced a triangle whose sides are respectively equal to those of the 
triangle © (1. 22); and by then making a parallelogram equal to the 
triangle so drawn, and having an angle equal to D (1. 42). 
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Then because AH and EF are parallel, and HF meets them, 
therefore the angles AHF, HFE are together equal to two 
right angles: 1. 29. 
hence the angles BHF, HFE are together less than two 
right angles; 
therefore HB and FE will meet if produced towards B 
and E. Aw, 12. 
Produce them to meet at K. 
Through K draw KL parallel to EAor FH; 1. 31. 
and produce HA, GB to meet KL in the points L and M. 
Then shall BL be the parallelogram required. 


Proof. Now FHLK is a parallelogram, Constr. 
and LB, BF are the complements of the parallelograms 
about the diagonal HK: 
therefore LB is equal to BF. 1, 43, 
But the triangle C is equal to BF; Constr. 
therefore LB is equal to the triangle C. 


And because the angle GBE is equal to the vertically oppo- 
site angle ABM, 1. 15. 
and is likewise equal to the angle D; Constr 
therefore the angle ABM is equal to the angle D. 
Therefore the parallelogram LB, which is applied to the 
straight line AB, is equal to the triangle C, and has the 
angle ABM equal to the angle D. Q.E.F. 
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Proposition 45. PROBLEM. 


To describe a parallelogram equal to a given rectilineal 
Jigure, and having an angle equal to a given angle. 


+L] 


Let ABCD be the given rectilineal figure, and E the 
given angle. 

It is required to describe a parallelogram equal to ABCD, 
and having an angle equal to E. 


Suppose the given rectilineal figure to be a quadrilateral. 


Construction. Join BD. 
Describe the parallelogram FH equal to the triangle ABD, 
and having the angle FKH equal to the angle E. 1. 42. 
To GH apply the parallelogram GM, equal to the triangle 
DBC, and having the angle GHM equal to E. 1, 44, 
Then shall FKML be the parallelogram required. 


Proof. Because each of tle angles GHM, FKH is equal to E, 
therefore the angle FKH is equal to the angle GHM. 
To each of these equals add the angle GHK ; 
then the angles FKH, GHK are together equal to the angles 
GHM, GHK. 
But since FK, GH are parallel, and KH meets them, 
therefore the angles FKH, GHK are together equal to two 
right angles : Tae. 
therefore also the angles GHM, GHK are together equal to 
two right angles : 
therefore KH, HM are in the same straight line. 1. 14. 


0. EK G 
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A FG 
ok 


B Cc 86©KK AH M 


Again, because KM, FG are parallel, and HG meets them, 
therefore the alternate angles MHG, HGF are equal: 1. 29 
to each of these equals add the angle HGL ; 
then the angles MHG, HGL are together equal to the angles 

HGF, HGL. 
But because HM, GL are parallel, and HG meets them, 
therefore the angles MHG, HGL are together equal to 
two right angles: I. 29. 
therefore also the angles HGF, HGL are together equal to 
two right angles: 
therefore FG, GL are in the same straight line. 1. 14. 


And because KF and ML are each parallel to HG, Constr. 

therefore KF is parallel to ML; 1, 30. 

and KM, FL are parallel ; Constr. 

therefore FKML is a parallelogram. Def. 26. 

And because the parallelogram FH is equal to the triangle 

ABD, Constr, 

and the parallelogram GM to the triangle DBC ; Constr. 

therefore the whole parallelogram FKML is equal to the 
whole figure ABCD ; 

and it has the angle FKM equal to the angle E. 
By a series of similar steps, a parallelogram may be 


constructed equal to a rectilineal figure of more than four 
sides. Q.E.F, 
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Proposition 46. PrRoBLEM. 


To describe a square on a given straight line. 


Cc 
D E 
A B 


Let AB be the given straight line: 
it is required to describe a square on AB. 


Constr. From A draw AC at right angles to AB; 1. 11. 
and make AD equal to AB. I 3. 
Through D draw DE parallel to AB; 1. 31. 
and through B draw BE parallel to AD, meeting DE in E. 
Then shall ADEB be a square. 


Proof. For, by construction, ADEB is a parallelogram : 
therefore AB is equal to DE, and AD to BE, 1. 34. 
But AD is equal to AB; Constr. 
hherefore the four straight lines AB, AD, DE, EB are equal 
to one another; 
that is, the figure ADEB is equilateral, 
Again, since AB, DE are parallel, and AD meets them, 
herefore the angles BAD, ADE are together equal to two 
right angles ; I, 28. 
but the angle BAD is a right angle ; Constr. 
therefore also the angle ADE is a right angle. 

And the opposite angles of a parallelogram are equal ; 1. 34. 
therefore each of the angles DEB, EBA is a right angle : 
that is the figure ADEB is rectangular. 

Hence it is a square, and it is described on AB. 
Q.E.F. 
CoroLLaRy. If one angle of a parallelogram is a right 
mgle, all its angles are right angles. 
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2. On the sides AB, AC of any triangle ABC, squares ABFG, 
ACKH are described both toward the triangle, or both on the side 
remote from it; shew that the straight lines BH and CG are equal, 


8. On the sides of any triangle ABC, equilateral triangles BCX, 
CAY, ABZ are described, all externally, or all towards the triangle: 
shew that AX, BY, CZ are all equal. 


4, The square described on the diagonal of a given square, is 
double of the given square. 


5. ABC is an equilateral triangle, and AX is the perpendicular 
drawn from A to BC: shew that the square on AX is three times the 
square on BX. 


6. Describe a square equal to the sum of two given squares, 


7. From the vertex A of a triangle ABC, AX is drawn perpendi- 
cular to the base: shew that the difference of the squares on the sides 
AB and AC, is equal to the difference of the squares on BX and CX, 
the segments of the base. 


8. If from any point O within a triangle ABC, perpendiculars 
OX, OY, OZ are drawn to the sides BC, CA,’AB respectively; shew 
that the sum of the squares on the segments AZ, BX, CY is equal to 
the sum of the squares on the segments AY, CX, BZ. 


PROPOSITION 47. ALTERNATIVE PRroor. 


C 


_—— 


Pa 


H G D F 


CAB be a right-angled triangle, having the angle at A a right 

angle : 

then shall the square on the hypotenuse BC be equal to the sum of 
the squares on BA, AC. 
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On AB describe the square ABFG. x. 46. 

aia oe and GA cut off respectively FD and GK, each equal 
o AC. 1, 8. 
On GK describe the square GKEH: 1. 46. 

then HG and GF are in the same straight line. x. 14, 


Join CE, ED, DB. 
It will first be shewn that the figure CEDB is the square on CB. 


Now CA is equal to KG; add to each AK: 
therefore CK is equal to AG. 
Similarly DH is equal to GF: 
hence the four lines BA, CK, DH, BF are all equal. 


Then in the triangles BAC, CKE, 


BA is equal to CK, Proved, 
Bicwase and AC is equal to KE; Constr. 
also the contained angle BAC is equal to the contained 

angle CKE, being right angles ; 


therefore the triangles BAC, CKE are equal in all respects. 1. 4. 
Similarly the four triangles BAC, CKE, DHE, BFD may be shewn 
to be equal in all respects. 
Therefore the four straight lines BC, CE, ED, DB are all equal; 
that is, the figure CEDB is equilateral. 
Again the angle CBA is equal tothe angle DBF; Proved, 
add to each the angle ABD: 
then the angle CBD is equal to the angle ABF: 
therefore the angle CBD is a right angle. 
Hence the figure CEDB is the square on BC. Def. 28. 


And EHGK is equal to the square on AC. Constr. 


Now the square on CEDB is made up of the two triangles BAC, CKE, 
and the rectilineal figure AKEDB; 

therefore the square CEDB is equal to the triangles EHD, DFB 
together with the same rectilineal figure ; 

but these make up the squares EHGK, AGFB: 

hence the square CEDB is equal to the sum of the squares EHGK, 
AGFB: 

that is, the square on the hypotenuse BC is equal to the sum of thn 
squares on the two sides CA, AB. Q. E. Ds 


Obs. The following properties of a square, though not 
formally enunciated by Euclid, are employed in subsequent 
proofs, [See 1. 48. ] 

(i) The squares on equal straight lines are equal. 
(ii) Equal squares stand upon equal straight lines. 
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Proposition 48. THROREM. 


If the square described on one side of a triangle be equal 
to the sum of the squares described on the other two sides, then 
the angle contained by these two sides shall be a right angle. 


D 


8 CG 


Let ABC be a triangle ; and let the square described on 
BC be equal to the sum of the squares described on BA, AC: 
then shall the angle BAC be a right angle. 


Construction. From A draw AD at right angles to AC; 1.11 
and make AD equal to AB. 1, 3. 
Join DC. 

Proof. Then, because AD is equal to AB, Constr. 
therefore the square on AD is equal to the square on AB. 
To each of these add the square on CA; 
then the sum of the squares on CA, AD is equal to the sum 

of the squares on CA, AB. 
But, because the angle DAC is a right angle, Constr. 
therefore the square on DC is equal to the sum of the 
1. 47. 


squares on CA, AD. 
And, by hypothesis, the square on BC is equal to the sum 


of the squares on CA, AB; 
therefore the square on DC is equal to the square on BC: 
therefore also the side DC is equal to the side BC. 
Then in the triangles DAC, BAC, 
DA is equal to BA, Constr. 
and AC is common to both; 
also the third side DC is equal to the third side 


Because 
BC; Proved. 
therefore the angle DAC is equal to the angle BAC. 1.8 
But DAC is a right angle ; Constr. 
Q.E.D, 


therefore also BAC is a right angle. 


THEOREMS AND EXAMPLES ON BOOK IT, 


INTRODUCTORY. 


HINTS TOWARDS THE SOLUTION OF GEOMETRICAL EXERCISES. 
ANALYSIS. SYNTHESIS. 


It is commonly found that exercises in Pure Geometry present 
to a beginner far more difficulty than examples in any other 
branch of Elementary Mathematics. This seems to be due to 
the following causes. 


(i) The main Propositions in the text of Euclid must be not 
merely understood, but thoroughly digested, before the exercises 
depending upon them can be successfully attempted. 

(ii) The variety of such exercises is practically unlimited; 
and it is impossible to lay down for their treatment any definite 
methods, such as the student has been accustomed to find in the 
rules of Elementary Arithmetic and Algebra. 


(iii) The arrangement of Euclid’s Propositions, though per- 
haps the most convincing of all forms of argument, affords in 
most cases little clue as to the way in which the proof or con- 
struction was discovered. 

Euclid’s propositions are arranged synthetically: that is 
to say, they start from the hypothesis or data; they next pro- 
ceed to a construction in accordance with postulates, and pro- 
blems already solved; then by successive steps based on known 
theorems, they finally establish the result indicated by the enun- 
ciation. 


Thus Geometrical Synthesis is a budding up of known results, 
in order to obtain a new result. 


But as this is not the way in which constructions or proofs 
are usually discovered, we draw the attention of the student to 
the following hints. 


Begin by assuming the result it is desired to establish; then 
by working backwards, trace the consequences of the assumption, 
and try to ascertain its dependence on some simpler theorem 
which is already known to be true, or on some condition which 
suggests the necessary construction. If this attempt is suc- 
cessful, the steps of the argument may in general be re-arranged 
in reverse order, and the construction and proof presented in a 
synthetic form. 
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This unravelling of the conditions of a proposition in order 
to trace it back to some earlier principle on which it depends, 
is called geometrical analysis: it is the natural way of attack- 
ing most exercises of a more difficult type, and it is especially 
adapted to the solution of problems. 

These directions are so general that they cannot be said to 
amount to a method: all that can be claimed for Geometrical 
Analysis is that it furnishes a mode of searching for a 
suggestion, and its success will necessarily depend on the skill 
and ingenuity with which it is employed: these may be expected 
to come with experience, but a thorcugh grasp of the chief Pro- 
positions of Euclid is essential to attaining them. 


The practical application of these hints is illustrated by the 
following examples. 

1. Construct an isosceles triangle having given the base, and the 
sum of one of the equal sides and the perpendicular drawn from the 
vertex to the base. 

H 
| 


K 
A X B 


Let AB be the given base, and K the sum of one side and the 
perpendicular drawn from the vertex to the base. 


Anauysis. Suppose ABC to be the required triangle. 


From C draw CX perpendicular to AB: 
then AB is bisected at X. 1. 26, 
Now if we produce XC to H, making XH equal to K, 
it follows that CH=CA; 
and if AH is joined, 
we notice that the angle CAH = the angle CHA. x. 5, 
Now the straight lines XH and AH can be drawn before the position 
of C is known ; 
Hence we have the following construction, which we arrange 
synthetically, 
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SYNTHESIS. Bisect AB at X: 
from X draw XH perpendicular to AB, making XH equal to K. 
Join AH. 


At the point A in HA, make the angle HAC equal to the angle 
AHX; and join CB. 
Then ACB shall be the triangle required. 


First the triangle is isosceles, for AC = BC. 1. 4, 
Again, since the angle HAC= the angle AHC, Constr. 
“. HCO=AC. 1. 6, 

To each add CX; 


then the sum of AC, CX =the sum of HC, CX 
X 


That is, the sum of AC, CX=K. Q. F.F. 


2. To divide a given straight line so that the square on one part 
may be double of the square on the other. 


i 
AC 
eae 
Pa “ 
ce > a Ye 
a 
A X B 


Let AB be the given straight line. 


Anatysis. Suppose AB to be divided as required at X: that is, 
suppose the square on AX to be double of the square on XB. 

Now we remember that in an isosceles right-angled triangle, the 
square on the hypotenuse is double of the square on either of the 


equal sides, 
This suggests to us to draw BC perpendicular to AB, and to make 


BC equal to BX, 
Join XC. 


Then the square on XC is double of the square on XB, 1. 47. 
wv. XC=AX. 


And when we join AC, we notice that 


the angle XAC =the angle XCA. 1, 5. 
Hence the exterior angle CXB is double of the angle XAC. 1. 32, 
But the angle CXB is half of a right angle : 1. 32. 


.*. the angle XAC is one-fourth of a right angle. 


This supplies the clue to the following construction :— 
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SyntHEsis. From B draw BD perpendicular to AB; 
and from A draw AC, making BAC one-fourth of a right angle. 
From C, the intersection of AC and BD, draw CX, making the angle 
ACX ‘equal to the angle BAC. 1, 28. 
Then AB shall be divided as required at X. 


For since the an XCA=the angle XAC, 
XA=XC., 


1. 6, 
And because the angle BXC= the sum of the angles BAC, ACX, a 82, 
. the angle BXC is half a right angle; 
‘and the angle at B is a right angle; 
therefore the angle BCX is half a right angle; 1, 32, 
therefore the angle BXC =the angle BCX; 
.. BX=BC. 
Hence the square on XC is double of the square on XB; 1. 47. 
that is, the square on AX is double of the square on XB. Q.2.F. 


I. ON THE IDENTICAL KQUALITY OF TRIANGLES. 
See Propositions 4, 8, 26. 


1. Ifina triangle the perpendicular from the vertex on the base 
bisects the base, then the triangle is isosceles. 


2. If the bisector of the vertical angle of a triangle is also per- 
pendicular to the base, the triangle is isosceles. 


83. If the bisector of the vertical angle of a triangle also bisects 
the base, the triangle is isosceles. 


[Produce the bisector, and complete the construction after the 
manner of 1. 16.] 


4. If in a triangle a pair of straight lines drawn from the ex- 
tremities of the base, making equal angles with the sides, are equal, the 
triangle is isosceles. 


5. Ifin a triangle the perpendiculars drawn from the extremities 
of the base to the opposite sides are equal, the triangle is isosceles. 


6. Two triangles ABC, ABD on the same base AB, and on opposite 
sides ofit, are such that AC is equal to AD, and BC is equal to BD: 
shew that the line j joining the points C and D is perpendicular to AB. 


7. If from the extremities of the base of an isosceles triangle 
pendiculars are drawn to the opposite sides, shew that the straight 
line joining the vertex to the intersection of these perpendiculars bisects 
the vertical angle. 
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8. ABC is a triangle in which tlic vertical angle BAC is bisected 
by the straight line AX: from B draw BD perpendicular to AX, and 
produce it to meet AC, or AC produced, in E; then shew that BD is 
equal to DE. 


9. Ina quadrilateral ABCD, AB is equal to AD, and BC is equal 
to DC: shew that the diagonal AC bisects each of the angles which it 
joins. 

10. In a quadrilateral ABCD the opposite sides AD, BC are equal, 
and also the diagonals AC, BD are equal: if AC and BD intersect at 
K, shew that each of the triangles AKB, DKC is isosceles. 


11. Ifone angle of a triangle be equal to the sum of the other two, 
the greatest side is double of the distance of its middle point from the 
opposite angle. 


12. Two right-angled triangles which have their hypotenuses equal, 
and one side of one equal to one side of the other, are identically equal. 


DS 
Go GE E F 


Let ABC, DEF be two AS’ right-angled at B and E, having AC 

equal to DF, and AB eyual to DE: 
then shall the A* be identically equal. 

For apply the A ABC to the 4 DEF, s0 that A muy fall on D, 
and AB along DE; and so that C may fall on the side of DE remote 
from F. 

Let C’ be the point on which C fulls. 
Then since AB= DE, 
.. B must fall on E; 
so that DEC’ represents the A ABC in its new position. 
Now each of the 28 DEF, DEC’ is art. L ; Hyp. 
.. EF and EC’ are in one st. line. r. 14, 
Then in the A C'DF, 
because DF = DC’, 
.. the 2 DFC’=the Z DC'F. 1, 5, 
Hence in the two A§ DEF, DEC’, 
the Z DEF=the 2 DEC’, being rt. L>; 


Because<and the 4 DFE=the z DO’E; Proved. 
also the side DE is common to both; 
. the A® DEF, DEC’ aro equal in all respocts ; 1, 26. 


that is, the A® DEF, ABC are equal in all respects. Q.z.D. 
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18. Jf two triangles have two sides of the one equal to two sides of 
the other, each to each, and have likewise the angles opposite to one pair 
of equal sides equal, then the angles opposite to the other pair of equal 
sides are either equal or supplementary, and in the former case the 
triangles are equal in all respects. 


44. !\ 


Let ABC, DEF be two triangles, having the side AB equal to the 
side DE, the side AC equal to the side DF, and the L ABC equal to 
the 2 DEF; then shall the 2 ACB, DFE be either equal or supple- 
mentary, and in the former case the triangles shall be equal in all 


respects. 
If the 4. BAC=the ~ EDF, 
then the triangles are equal in all respects. I, 4, 


But if the & BAC be not equal to the L EDF, one of them must be 
the greater. 
Let the 2 EDF be greater than the L BAC. 
At D in ED make the 1 EDF’ equal to the 2 BAC, 
Then the A* BAC, EDF’ are equal in all respects, I. 26, 


.. AC=DF’; 
but AC=DF ; Hyp. 
.. DF=DF’, 
.. the  DFF’=the zc DF’F. I, 5. 
But the C8 DF’F, DF’E are supplementary, I. 18. 


.. the 25 DFF’, DF’E are supplementary : 
that is, the -* DFE, ACB are supplementary. 
Q.E.D. 


Three cases of this theorem deserve special attention. 


It has been proved that if the angles ACB, DFE are not equal, 
they are supplementary : 


And we know that of angles which are supplementary and unequal, 
one must be acute and the other obtuse. : 
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CoROLLARIES. Hence, in addition to the hypothesis of this 
theorem, 


(i) If the angles ACB, DFE, opposite to the two equal sides 
AB, DE are both acute, both obtuse, or if one of them 
is a right angle, 
it follows that these angles are equal, 

and therefore that the triangles are equal in all respects. 


(ii) If the two given angles are right angles or obtuse angles, 
it follows that the angles ACB, DFE must be both 
acute, and therefore equal, by (i) : 

so that the triangles are equal in all respects. 


(iii) If in each triangle the side opposite the given angle is not 
less than the other given side; that is, if AC and DF 
are not less than AB and DE respectively, then 
the angles ACB, DFE cannot be greater than the angles 
ABC, DEF respectively ; 

therefore the angles ACB, DFE, are both acute ; 
hence, as above, they are equal ; 

and the triangles ABC, DEF are equal in all respects. 


I. ON INEQUALITIES. 
See Propositions 16, 17, 18, 19, 20, 21, 24, 25. 


1. In a triangle ABC, if AC is not greater than AB, shew that 
any straight line drawn through the vertex A, and terminated by the 
base BC, is less than AB. 


2. ABC is a triangle, and the vertical angle BAC is bisected by a 
straight line which meets the base BC in X; shew that BA is greater 
than BX, and CA greater than CX. Hence obtain a proof of 1. 20. 


3. The perpendicular is the shortest straight line that can be 
drawn from a given point to a given straight line; and of others, that 
which is nearer to the perpendicular is less than the more remote ; and 
two, and only two equal straight lines can be drawn from the given 
point to the given straight line, one on each side of the perpendicular. 


4, The sum of the distances of any point from the three angular 
points of a triangle is greater than half its perimeter. 


_ 5. The sum of the distances of any point within a triangle from 
its angular points is less than the perimeter of the triangle. 
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6. The perimeter of a quadrilateral is greater than the sum of its 
diagonals. 


7. The sum of the diagonals of a quadrilateral is less than the 
sum of the four straight lines drawn from the angular points to any 
given point. Prove this, and point out the exceptional case. 


8. Ina triangle any two sides are together greater than twice the 
median which bisects the remaining side. [See Def. p. 73.} 


[Produce the median, and complete the construction after the 
manner of 1. 16.] 


9. In any triangle the sum of the medians is less than the peri- 
meter. 


10. In a triangle an angle is acute, obtuse, or a right _ 
according as the median drawn from it is greater than, less than, or 
equal to half the opposite side. [See Ex. 4, p. 59.] 


11, The diagonals of a rhombus are unequal. 


12. If the vertical angle of a triangle is contained by unequal 
sides, and if from the vertex the median and the bisector of the angle 
are drawn, then the median lies within the angle contained by the 
bisector and the longer side. 


Let ABC bea A,in which AB is greater 
than AC; let AX be the median drawn from A 
A, and AP the bisector of the vertical 


ZBAC: 
then shall AX lie between AP and AB. | 


Produce AX to K, making XK equal to 
AX. Join KC. 


Then the A* BXA, CXK may be shewn 
to be equal in all respects; I. 4. 


hence BA=CK, and the 2 BAX=the z CKX. 


But since BA is greater than AC, JIyp. K 
”. CK is greater than AC; 
.. the Z CAK is greater than the 2 CKA: 1. 18. 
that is, the 4 CAX is greater than the 2 BAX: 
.. the Z CAX must be more than half the vert. 2 BAC; 
hence AX lies within the angle BAP. Q.E.D. 


B XP C 


13. If two sides of a triangle are unequal, and if from their point 
of intersection three straight lines are drawn, namely the bisector of the 
vertical angle, the median, and the perpendicular to the base, the firer 
is intermediate in position and magnitude to the other two, 
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III. ON PARALLELS. 


See Propositious 27—31. 


1. If a straight line meets two parallel straight lines, and the 
two interior angles on the same side are bisected; shew that the 
bisectors meet at right angles. [1. 29, 1. 32.] 


2. The straight lines drawn from any point in the bisector of 
an angle parallel to the arms of the angle, and terminated by them, 
are equal; and the resulting figure is a rhombus. 


3. AB and CD are two straight lines intersecting at D, and the 
adjacent angles so formed are bisected: if through any point X in 
DC a straight line YXZ be drawn parallel to AB and meeting the 
bisectors in Y and Z, shew that XY is equal to XZ. 


4, If two straight lines are parallel to two other straight lines, 
each to each; and if the angles contained by each pair are bisected; 
shew that the bisecting lines are parallel. 


5. The middle point of any straight line which meets two parallel 
straight lines, and is terminated by them, is cquidistant from the 
parallels. 


6. Astraight line drawn between two parallels and terminated by 
them, is bisected ; shew that any other straight line passing through 
the middle point and terminated by the parallels, is also bisected at 
that point. 


7. If through a point equidistant from two parallel straight lines, 
two straight lines are drawn cutting the parallels, the portions of the 
latter thus intercepted are equal. 


PROBLEMS. 


8. AB and CD are two given straight lines, and X is a given 
point in AB: find a point Y in AB such that YX may be equal to the 
perpendicular distance of Y from CD. ‘ 


9. ABC is an isosceles triangle; required to draw a straight 
line DE parallel to the base BC, and meeting the equal sides in D and 
E, so that BD, DE, EC may be all equal. 


10. ABC is any triangle; required to draw a straight line DE 
parallel to the base BC, and meeting the other sides in D and E, so 
that DE may be equal to the sum of BD and CE. 


11. ABC is any triangle; required to draw a straight line parallel 
to the base BC, and meeting the other sides in D and E, so that DE 
may be equal to the difference of BD and CE. 


H. E. 7 
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Iv. ON PARALLELOGRAMS. 


See Propositions 33, 34, and the deductions from these Props. 
given on page 64. 


1. The straight line drawn through the middle point of a side of a 
triangle parallel to the base, bisects the remaining side. 


Let ABC be a A,and Z the middle point 
of the side AB. Through Z, ZY is drawn par! A 
to BC ; then shall Y be the middle point of AC. 


Through Z draw ZX par' to AC. 1.31. 
Then in the A* AZY, ZBX, Y 
because ZY and BC are par’, 
“.the 2 AZY=the 4 ZBX; 1.29. 
and because ZX and AC are par', 


«, the 4ZAY=the 2BZX; 129. 8B x 0 
also AZ=ZB: Hyp. 
“. AY=ZX. I. 26. 
But ZXCY is a par™ by construction ; 
“. ZX=YC, 1, 34, 
Hence AY = YC; 
that is, AC is bisected at Y. Q.E.D. 


2. The straight line which joins the middle points of two sides of a 
triangle, is parallel to the third side. 


Let ABC be a A, and Z, Y the middle A 
points of the sides AB, AC: 
then shall ZY be par! to BC. 


Produce ZY to V, making YV equal to Y Vv 
ZY. are 
Join CV. 
Then in the A8 AYZ, CYV, 
AY=CY, Hyp. 
Booansel and YZ=YV, Constr. B C 
andthe 2 AYZ =the vert. opp. 2 CYV; 1. 15. 
“. AZ=CV, Xr. 4, 
and the 4 ZAY=the 4 VCY; 
hence CV is par! to AZ. 1, 27. 
But CV is equal to AZ, that is, to BZ: Hyp. 
.. CV is equal and par' to BZ: 
.. ZV is equal and par! to BC: 1. 33. 
that is, ZY is par' to BC. Q.E.D. 


[A second proof of this proposition may be derived from 1. 38, 39.] 
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8. The straight line which joins the middle points of two sides of a 
triangle is equal to half the third side. 


4. Shew that the three straight lines which join the middle points 
of the sides of a triangle, divide it into four triangles which are identi- 
cally equal. 


5. <Any straight line drawn from the vertex of a triangle to the 
base is bisected by the straight line which joins the middle points of the 
other sides of the triangle. 


6. Given the three middle points of the sides of a triangle, con- 
struct the triangle. 


7. AB, AC are two given straight lines, and P is a given point 
between them; required to draw through P a straight line termi- 
nated by AB, AC, and bisected by P. 


8. ABCD is a parallelogram, and X, Y are the middle points of 
the opposite sides AD, BC: shew that BX and DY trisect the dia- 
gonal AC. 


9. If the middle points of adjacent sides of any quadrilateral be 
joined, the figure thus formed is a parallelogram. 


10. Shew that the straight lines which join the middle points of 
opposite sides of a quadrilateral, bisect one another. 


11. The straight line which joins the middle points of the oblique 
sides of a trapezium, is parallel to the two parallel sides, and passes 
through the middle points of the diagonals. 


12. The straight line which joins the middle points of the oblique 
sides of a trapezium is equal to half the sum of the parallel sides ; and 
the portion intercepted between the diagonals is equal to half the 
difference of the parallel sides. 


Definition. If from the extremities of one straight line per- 
pendiculars are drawn to another, the portion of the latter 
intercepted between the perpendiculars is said to be the Ortho- 
gonal Projection of the first line upon the second. 


B 
A B 


P| Y Q 
P xX Y Q A 
Thus in the adjoining figures, if from the extremities of the straight 


line AB the perpendiculars AX, BY are drawn to PQ, then XY is the 
orthogonal projection of AB on PQ. 


(—2 
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18. A given straight line AB is bisected at C; shew that the pro- 
jections of AC, CB on any other straight line are equal. 


B 
C 
A K 





P x 2 $Y @ 


Let XZ, ZY be the projections of AC, CB on any straight line PQ: 
then XZ and ZY shall be equal. 


Through A draw a straight line parallel to PQ, meeting ee tf 
or these lines produced, in H, K. 
Now AX, CZ, BY are parallel, for they are perp. to PQ; 1. 28. 
.. the figures XH, HY are par™; 
+, AH=XZ, and HK=2ZY. 1. 34. 
But through C, the middle point of AB, a side of the A ABK, 
CH has been drawn parallel to the side BK; 


*, CH bisects AK: Ex. 1, p 96. 
that is, AH=HK; 
o XZ=ZY. Q.E.D. 


14. If three parallel straight lines make equal intercepis on a 
fourth straight line which meets them, they will also make equal inter- 
cepts on any other straight line which meets them. 


15. Equal and parallel straight lines have equal projections on any 
other straight line. 


16. AB is a given straight line bisected at O; and AX, BY are 
perpendiculars drawn from A and B on any other straight line: shew 
that OX is equal to OY. 


17. AB is a given straight line bisected at O: and AX, BY and OZ 
are perpendiculars drawn to any straight line PQ, which does not pass 
Letween A and B: shew that OZ is equal to half the sum of AX, BY 


[OZ is said to be the Arithmetic Mean between AX and BY.] 


18. AB is a given straight line bisected at O; and through A, B 
und O parallel straight lines are drawn to meet a given straight line 
PQ in X, Y, Z: shew that OZ is equal to half the sum, or half the 
difference of AX and BY, according as A and B lie on the same side 
or on opposite sides of PQ. 
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19. To divide a given finite straight line into any number of equal 
parts. 


[For example, required to divide the straight 
line AB into five equal parts. 

From A draw AC, a straight line of un- 
limited length, making any angle with AB. 

In AC take any point P, and mark off 
puscernt parts PQ, QR, RS, ST each equal 
to AP. 

Join BT; and through P, Q, R, S draw 
parallels to BT. 

It may be shewn by Ex. 14, p. 98, that these 
parallels divide AB into five equal parts. ] 





20. If through an angle of a parallelogram any straight line 
is drawn, the perpendicular drawn to it from the opposite angle 
is equal to the sum or difference of the perpendiculars drawn to it 
from the two remaining angles, according as the given straight line 
falls without the parallelogram, or intersects it. 


[Through the opposite angle draw a straight line parallel to the 
given straight line, so as to meet the perpendicular from one of the 
remaining angles, produced if necessary: then apply 1. 34,1. 26. Or 
proceed as in the following example.] 


21. From the angular points of a parallelogram perpendiculars 
are drawn to any straight line which is without the parallelogram: 
shew that the-sum of the perpendiculars drawn from one pair of 
opposite angles is equal to the sum of those drawn from the other pair. 


[Draw the diagonals, and from their point of intersection let fall a 
perpendicular upon the given straight line. See Ex. 17, p. 98.] 


22. The sum of the perpendiculars drawn from any point in the 
base of an isosceles triangle to the equal sides is equal to the perpendi- 
cular drawn from either extremity of tho base to the opposite side. 


[It follows that the sum of the distances of any point in the base 
of an isosceles triangle from the equal sides is constant, that is, 
the same whatever point in the base is taken. ] 


23. In the base produced of an isosceles triangle any point is 
taken: shew that the difference of its distances from the equal sides is 
constant. 


24. The sum of the perpendiculars drawn from any point within 
an equilateral triangle to the three sides is equal to the perpendicular 
drawn from any one of the angular points to the opposite side, and is 
therefore constant. 
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PROBLEMS. 
[Problems marked (*) admit of more than one solution. ] 


*25. Draw astraight line through a given point, sothat the part of 
it intercepted between two given parallel straight lines may be of given 
length. 


26. Draw a straight line parallel to a given straight line, so that 
the part intercepted between two other given straight lines may be of 
given length. 


27. Draw a straight line equally inclined to two given straight 
lines that meet, so that the part intercepted between them may be of 
given length. 


28. AB, AC are two given straight lines, and P is a given point 
without the angle contained by them. It is required to draw through 
P a straight line to meet the given lines, so that the part intercepted 
between them may be equal to the part between P and the nearer line, 


V. MISCELLANEOUS THEOREMS AND EXAMPLES. 


Chiefly on 1. 32. 


1, Ais the vertex of an isosceles triangle ABC, and BA is produced 
to D, so that AD is equal to BA; if DC is drawn, shew that BCD is a 
right angle. 


2. The straight line joining the middle point of the hypotenuse of a 
right-angled triangle to the right angle is equal to half the hypotenuse. 


3. From the extremities of the base of a triangle perpendiculars 
are drawn to the opposite sides (produced if necessary); shew that the 
straight lines which join the middle point of the base to the feet of 
the perpendiculars are equal. 


4. Ina triangle ABC, AD is drawn perpendicular to BC; and 
X, Y, Z are the middle points of the sides BC, CA, AB respectively : 
shew that each of the angles ZXY, ZDY is equal to the angle BAC. 


5. In a right-angled triangle, if a perpendicular be drawn from 
the right angle to the hypotenuse, the two triangles thus formed are 
equiangular to one another. 


6. In a right-angled triangle two straight lines are drawn from 
the right angle, one bisecting the hypotenuse, the other perpendicular 
to it: shew that they contain an angle equal to the difference of the two 
acute angles of the triangle. [See above, Ex, 2 and Ex. 6.] 
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7. Ina triangle if a perpendicular be drawn from one extremity 
of the base to the bisector of the vertical angle, (i) it will make with 
either of the sides containing the vertical angle an angle equal to half 
the sum of the angles at the base; (ii) it will make with the base an 
angle equal to half the difference of the angles at the base. 


Let ABC be the given A, and AH the bi- A 
sector of the vertical 2 BAC. 
Let CLK meet AH at right angles, 


{i) or ear each of the 2* AKC, ACK K 
be equal to half the sum of the z2* ABC, 
ar 


ACB. 
In the A* AKL, ACL, B XH Cc 
the 4 KAL=the z CAL, Hyp. 
Because also the 2 ALK=the z ALC, being rt. L'; 
and AL is common to both a‘; 
.. the 4 AKL=the z ACL, 1. 26, 


Again, the 2 AKC=the sum of the 2° KBC, KCB; 1. 32. 
that is, the 2 ACK=the sum of the 2 * KBC, KCB. 
To each add the 2 ACK, 
then twice the 2 ACK=the sum of the z* ABC, ACB, 
.*. the 4 ACK=half the sum of the 2 * ABC, ACB. 


(ii) The 4 KCB shall be equal to half the difference of the 
Z* ACB, ABC. 
As before, the 4 ACK=thesum of the 2' KBC, KCB, 
To each of these add the 2 KCB: 
then the 4 ACB=the z KBC together with twice the £4 KCB. 
.. twice the 2 KCB=the difference of the 2* ACB, KBC, 
that is, the 4 KCB=half the difference of the 4* ACB, ABC. 


CorontaRy. If X be the middle point of the base, and XL be joined, 
it may be shewn by Ex. 3, p. 97, that XLis half BK; that is, that 
XL is half the difference of the sides AB, AC. 


8. In any triangle the angle contained by the bisector of the 
vertical angle and the perpendicular from the vertex to the base is equal 
to half the difference of the angles at the base. [See Ex. 3, p. 59.] 


9. In a triangle ABC the side AC is produced to D, and the 
angles BAC, BCD are bisected by straight lines which meet at F; 
shew that they contain an angle equal to half the angle at B. 


10, If in a right-angled triangle one of the acute angles is double 
of the other, shew that the hypotenuse is double of the shorter side. 


11. If in a diagonal of a parallelogram any two points equidistant 
from its extremities be joined to the opposite angles, the figure thus 
formed will be also a parallelogram. 
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12. ABC is a given equilateral triangle, and in the sides BC, CA, 
AB the points X, Y, Z are taken respectively, so that BX, CY and AZ 
are all equal. AX, BY, CZ are now drawn, intersecting in P, Q, R: 
shew that the triangle PQR is equilateral. 


18. If in the sides AB, BC, CD, DA of a parallelogram ABCD 
four points P, Q, R, S be taken in order, one in each side, so that AP, 
BQ, CR, DS are all equal; shew that the figure PQR§ is a parallelo- 
gram. 


14. Jn the figure of 1. 1, if the circles intersect at F, and if 
CA and CB are produced to meet the circles in P and Q respectively ; 
shew that the points P, F, Q are in the same straight line; and 
shew also that the triangle CPQ is equilateral. 


fProblems marked (*) admit of more than one solution.] 


15. Through two given points draw two straight lines forming 
with a straight line given in position, an equilateral triangle. 


*16. From a given point it is required to draw to two parallel 
straight lines two equal straight lines at right angles to one another. 


*17. Three given straight lines meet at a point; draw another 
straight line so that the two portions of it intercepted between the 
given lines may be equal to one another, 


18. From a given point draw three straight lines of given lengths, 
so that their extremities may be in the same straight line, and inter- 
cept equal distances on that line. [See Fig. to 1. 16.] 


19. Use the properties of the equilateral triangle to trisect a given 
finite straight line. 


20. In a given triangle inscribe a rhombus, having one of its 
angles coinciding with an angle of the triangle. 


VI. ON THE CONCURRENCE OF STRAIGHT LINES IN A TRIANGLE. 


DEFINITIONS. (i) Three or more straight lines are said to 
be concurrent when they meet in one point. 


- (ii) Three or more points are said to be collinear when they 
lie upon one straight line. 


We here give some propositions relating to the concurrence 
of certain groups of straight lines drawn in a triangle: the im- 
portance of these theorems will be more fully appreciated when 
the student is familiar with Books 1m. and Iv. : 
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1. The perpendiculars drawn to the sides uf a triangle from their 
middle points are concurrent. 


Let ABC be a a, and X, Y, Z the 
middle points of its sides ; 

then shall the perp* drawn to the 
sides from X, Y, Z be concurrent. 

From Z and Y draw perp‘ to AB, AC; 
these perp5, sinée they cannot be parallel, 
will meet at point O. Ax, 12, 

Join OX. B X C 





Tt is required to prove that OX is perp. to BC. 


Join OA, OB, OC. 
In the a* OYA, OYC, 


Because and OY is common to both; 
also the 2 OYA=the z OYC, being rt.1.*. 
~. OA=O0C.~ 1. 4, 


Similarly, from the a* OZA, OZB, 
it may be proved that OA= OB. 
Hence OA, OB, OC are ali equal. 


Again, in the a* OXB, OXC 
B 


X=CX, Ilyp. 
Because ?and XO is common to both ; 
alsoOB=OC: Proved. 
.. the Z OXB=the 2 OXC; 1. 8. 
but these are adjacent 2°; 
.. they are rt. L 8; Def. 7%. 


that is, OX is perp. to BC. 
Hence the three perp OX, OY, OZ meet in the point O. 
Q. KE, p. 


2. Lhe bisectors of the angles of a triangle are concurrent. 


Let ABC bea a. Bisect the 2* ABC, 
BCA, by straight lines which must meet 
at some point O. Ax, 12. 

Join AQ. 
It is required to prove that AO bisects the 

Z BAC. 

From O draw OP, OQ, OR perp. to the 
sides of the a. 
B P C 
Then in the A* OBP, OBR, 

the 4 OBP=the Z OBR, Constr. 

Because «and the4 OPB=the Z ORB, being rt. L¥, 

and OB is common ; 

“. OP=OR. 1. 26. 





104 EUCLID’S ELEMENTS, 


Similarly from the A* OCP, OCQ, A 
it may be shewn that OP=OQ, 


. OP, OQ, OR are all equal. R 


Again in the A* ORA, OQA, 
cae Z* ORA, OQA are rt. L*, 
and the hypotenuse OA is 
bay common, F 
also OR=OQ; Proved. 8B P C 
.. the 2 RAO=thez QAO. Ex. 12, p. 91. 


That is, AO is the bisector of the 2 BAC. 


Hence the bisectors of the three 2* meet at the point O. 
Q. E. D. 


8. The bisectors of two exterior angles of a triangle and the 
bisector of the third angle are concurrent. 


Let ABC bea A, of which the sides AB, A 
AC are produced to any points D and E. 
Bisect the 2* DBC, ECB by straight lines 
which must meet at some pointO. Az. 12, 
Join AQ. 


It is required to prove that AO Disects the 
angle BAC. 
From O draw OP, OQ, OR perp. to the 
sides of the A. 
Then in the a5 OBP, OBR, 
the 2 OBP=the Z OBR, Constr. 
also the 4 OPB=the Z ORB, 
being rt. L*, 
and OB is common ; 
.. OP=OR. 


Similarly in the a* OCP, OCQ, 
it may be shewn that OP=OQ: 
.. OP, OQ, OR are all equal, 


Again in the A* ORA, OQGA, 
the 2* ORA, OQA are rt. L?, 
Because and the hypotenuse OA is common, 
also OR=OQ;; Proved. 
. the Z RAO=the 2 QAO. Ex. 12, p. 91. 


That is, AO is the bisector of the 2 BAC. 
.. the bisectors of the two exterior 2' DBC, ECB, 
and of the interior 4 BAC meet at the point O. 
Q.H.D, 


o 


Because 
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4. The medians of a triangle are concurrent. 


Let ABC bea A. Let BY and CZ be two of its A 
medians, and let them intersect at O. 
Join AO, 
and produce it to meet BC in X. 
It ie required to shew that AX is the remaining YY 


median of the A. 
Through C draw CK parallel to BY: VAIN 
produce AX to meet CK at K. B C 
Join BK. Mir 
In the a AKO, 
because Y is the middle point of AC, and YO is K 


parallel to CK, 
.". O is the middle point of AK. Ex, 1, p. 96. 


Again in the a ABK, 
since 2 and O are the middle points of AB, AK, 
.. 2O is parallel to BK, Kix. 2, p. 96. 
that is, OC is parallel to BK: 
.°. the figure BKCO is a par™. 
But the diagonals of a par™ bisect one another, Lx. 5, p. 64. 
.. X is the middle point of BC. 
That is, AX isa median of the A. 


Hence the three medians meet at the point O. .z.p. 


Corotnary, The three medians of a triangle cut one another at a 
point of trisection, the greater segment in each being towards the 
angular point. 


For in the above figure it has been proved that 


O=OK, 
also that OX is half of OK; 
. OX is half of OA: 
that is, OX is one third of AX. 
Similarly OY is one third of BY, 
and OZ is one third of CZ. Q.E.D, 


By means of this Corollary it may be shewn that in any triangle 
the shorter median bisects the greater side. 


[The point of intersection of the three medians of a triangle is 
called the centroid. It is shewn in mechanics that a thin triangular 
plate will balance in any position about this point: therefore the 
centroid of a triangle is also its centre of gravity.) 
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5. The perpendiculars drawn from the vertices of a triangle to the 
opposite sides are concurrent. 


N 


a 





L 


Tet ABC be a A, and AD, BE, CF the three perp" drawn from 
the vertices to the opposite sides: 
then shall these perp* be concurrent. 


Through A, B, and C draw straight lines MN, NL, LM parallel 
to the opposite sides of the A. 


Then the figure BAMC is a par". Def. 26. 
.. AB=MC. 1. 34, 
Also the figure BACL is a par™. 
.. AB=LC, 
.. LOC=CM: 


that is, C is the middle point of LM. 
So also A and B are the middle points of MN and NL. 
Hence AD, BE, CF are the perp’ to the sides of the a LMN from 
their middle points. Ex. 3, p. 54. 
But these perp" meet in a point: Ex. 1, p. 103. 
that is, the perp’ drawn from the vertices of the A ABC to the 
opposite sides meet in a point. Q.F.D. 


[For another proof see Theorems and Examples on Book m1.] 


DEFINITIONS. 


(i) The intersection of the perpendiculars drawn from the 
vertices of a triangle to the opposite sides is called its ortho- 
centre, 


(ii) The triangle formed by joining the feet of the perpen- 
diculars is called the pedal triangle. : 
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VII. ON THE CONSTRUCTION OF TRIANGLES WITH GIVEN PARTS 


No general rules can be laid down for the solution of 
problems in this section ; but in a few typical cases we give 
constructions, which the student will find little difficulty in 
adapting to other questions of the same class. 


1. Construct a right-angled triangle, having given the hypotenuse 
and the sum of the remaining sides. 


It is required to construct a rt. 
angled A, having its hypotenuse equal 
to the given straight line K, and thesum 
of its remaining sides equal to AB. 

From A draw AE making with BA 
an 4 equal to halfa rt. ©. From 
centre B, with radius equal to K, de- 
scribe a circle cutting AE in the points 


6, CO. A D DB 
From C and C’ draw perp* CD, C’D’ to AB; and join CB, C’B. 
Then either of the A* CDB, C’D’B will satisfy the given conditions. 





Nore. If the given hypotenuse K be greater than the perpendicu- 
lar drawn from B to AE, there will be two solutions. If the line K be 
equal to this perpendicular, there will be one solution; but if less, the 
problem is impossible.] 


2. Construct a right-angled trianyle, having given the hypotenuse 
and the difference of the remaining sides. 


3. Construct an isosceles right-angled triangle, having giveu the 
sum of the hypotenuse and one side. 


4. Construct a triangle, having given the perimeter and the angles 
at the base. 


£ ZN | 


[Let AB be the perimeter of the required A, and X and Y the z “ut 
the base. 
From A draw AP, making the 2 BAP equal to half the z X. 
From B draw BP, making the 2 ABP equal to half the 2 Y. 
From P draw PQ, making the 2 APQ equal to the 2 BAP. 
From P draw PR, making the 2 BPR equal tothe 2 ABP. 
Then shall PQR be the required a.] 
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5. Construct a right-angled triangle, having given the perimeter 
and one acute angle. 


6. Construct an isosceles triangle of given altitude, so that its 
base may be in a given straight line, and its two equal sides may pass 
through two fixed points. [See Ex. 7, p. 49.] 


7. Construct an equilateral triangle, having given the length of 
the perpendicular drawn from one of the vertices to the opposite side. 


8. Construct an isosceles triangle, having given the base, and 
the difference of one of the remaining sides and the perpendicular 
drawn from the vertex to the base. [See Ex. 1, p. 88.] 


9. Construct a triangle, having given the base, one of the angles 
at the base, and the sum of the remaining sides. 


10. Construct a triangle, having given the base, one of the angles 
at the base, and the difference of the remaining sides. 


11. Construct a triangle, having given the base, the difference 
of the angles at the base, and the difference of the remaining sides. 


C 





[Let AB be the given base, X the difference of the Z* at the base, 
and K the difference of the remaining sides, 

Draw BE, making the 2 ABE equal to half the z X. 

From centre A, with radius equal to K, describe a circle cutting BE 
in D and D’. Let D be the point of intersection nearer to B. 

Join AD and produce it to C. 
Draw BC, making the 2 DBC equal to the 2 BDC. 
Then shall CAB be the A required. Kx. 7, p. 101. 


Nore. This problem is possible only when the given difference K 
is greater than the perpendicular drawn from A to BE.] 


12. Construct a triangle, having given the base, the difference of 
the angles at the base, and the sum of the.remaining sides. 


13. Construct a triangle, having given the perpendicular from the 
vertex on the base, and the difference between each side and the 
adjacent segment of the base. ‘ 
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14, Construct a triangle, having given two sides and the median 
which bisects the remaining side. [See Ex. 18, p. 102.] 


15. Construct a triangle, having given one side, and the medians 
which bisect the two remaining sides. 

[See Fig. to Ex. 4, p. 105. 

Let BC be the given side. Take two-thirds of each of the given 
medians; hence construct the triangle BOC. The rest of the con- 
struction follows easily. ] 


16. Construct a triangle, having given its three medians. 

[See Fig. to Ex. 4, p. 105. 

Take two-thirds of each of the given medians, and construct 
the triangle OKC. The rest of the construction follows easily.] 


VIII. ON AREAS. 
See Propositions 35—48. 


It must be understood that throughout this section the word 
equal as applied to rectilineal figures will be used as denoting 
equality of area unless otherwise stated. 


1. Shew that a parallelogram is bisected by any straight line 
which passes through the middle point of one of its diagonals. [1. 29, 
26.] 


2. Bisect a parallelogram by a straight line drawn through a 
given point. 


3. Bisect a parallelogram by a straight line drawn perpendicular 
to one of its sides, 


4, Bisect a parallelogram by a straight line drawn parallel to a 
given straight line. 


5. ABCD is a trapezium in which the side AB is parallel to DC. 
Shew that its area is equal to the area of a parallelogram formed by 
drawing through X, the middle point of BC, a straight line purallel to 
AD. [1. 29, 26.] 


6. A trapezium is equal to a parallelogram whose base is half the 
sum of the parallel sides of the given figure, and whose altitude is 
equal to the perpendicular distance between them. 


7. ABCD is a trapezium in which the side AB is parallel to DC; 
shew that it is double of the triangle formed by joining the extremities 
of AD to X, the middle point of BC. 


8. Shew that a trapezium is bisected by the straight line which 
joins the middle points of its parallel sides. [1. 38.] 
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22. Ona base of given length describe a triangle equal to a given 
triangle and having an angle equal to an angle of the given triangle. 


23. Construct a triangle equal in area to a given triangle, and 
having a given altitude. 


24. On a base of given length construct a triangle equal to a 
given triangle, and having its vertex on a given straight line. 


25. On a base of given length describe (i) an isosceles triangle; 
(ii) a right-angled triangle, equal to a given triangle. 


26. Construct a triangle equal to the sum or difference of two 
given triangles. [See Ex. 16, p, 110.] 


27. ABC is a given triangle, and X a given point: describe a 
triangle equal to ABC, having its vertex at X, and its base in the same 
straight line as BC. 


28. ABCD is a quadrilateral: on the base AB construct a triangle 
equal in area to ABCD, and having the angle at A common with the 
quadrilateral. 

[Join BD. Through C draw CX parallel to BD, meeting AD pro- 
duced in X; join BX.] 


29. Construct a rectilineal figure equal to a given rectilineal 
figure, and having fewer sides by one than the given figure. 

Hence shew how to construct a triangle equal to a given rectilineal 
figure. 

30. ABCDis a quadrilateral : it is required to construct a triangle 


equal in area to ABCD, having its vertex at a given point X in DC, 
and its base in the same straight line as AB. 


81. Construct a rhombus equal to a given parallelogram. 


82. Construct a parallelogram which shall have the same area 
and perimeter as a given triangle. 


33. Bisect a triangle by a straight line drawn through one of its 
angular points. 


34, Trisect a triangle by straight lines drawn through one of its 
angular points, [See Ex. 19, p. 102, and 1. 38.] 


_ 85, Divide a triangle into any number of equal parts by straight 
lines drawn through one of its angular points. 
[See Ex. 19, p. 99, and 1, 38.] 
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86. Bisect a triangle by a straight line drawn through a given 
point in one of its sides. 


[Let ABC be the given A, and P the a 
given point in the side AB, P 
Bisect AB at Z; and join CZ, CP. Z 
Through Z draw ZQ parallel to CP. 
Join PQ. 
Then shall PQ bisect the A. 
See Ex. 21, p.111.] 8 Q C 


87. Trisectatriangle by straight lines drawn from a given point in 
one of its sides. 


[Let ABC be the given A, and X the given A 
point in the side BC. 
Trisect BC at the points P,Q. Ex. 19, p. 99. ij K 
Join AX, and through P and Q draw PH Lif 
and QK parallel to AX. i 
Join XH, XK. 
These straight lines shall trisect the A; as 
may be shewn by joining AP, AQ. B 
See Ex. 21, p. 111.] 





P xe Cc 


88, Cut off from a given triangle a fourth, fifth, sixth, or any 
part required by a straight line drawn from a given point in one of its 
sides, [See Ex. 19, p. 99, and Ex. 21, p. 111.] 


39, Bisect a quadrilateral by a straight line drawn through an 
angular point. 


[Two constructions may be given for this problem: the first will 
be suggested by Exercises 28 and 33, p. 112. 


The second method proceeds thus. 


Let ABCD be the given quadrilateral, 
and A the given angular point. 


Join AC, BD, and bisect BD in X. 
Through X draw PXQ parallel to AC, 
meeting BC in P; join AP. f- ; 
Then shall AP bisect the quadrilateral. A Q d 
Join AX, CX, and use 1. 37, 38.] 





40. Cut off from a given quadrilateral a third, a fourth, a fifth, or 
any part required, by a straight line drawn through a given angular 
point. [See Exercises 28 and 86, p. 112.] 


8—2 
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[The following Theorems depend on 1. 47.] 


41. In the figure of 1. 47, shew that 
(i) the sum of the squares on AB and AE is equal to the sum 
of the squares on AC and AD. 
(ii) the square on EK is equal to the square on AB with four 
times the square on AC, 
(iii) the sum of the squares on EK and FD is equal to five 
times the square on BC. 


42. If a straight line be divided into any two parts the square on 
the straight line is greater than the squares on the two parts. 


43, If the square on one side of a triangle is less than the squares 
on the remaining sides, the angle contained by these sides is acute; if 
greater, obtuse. 


44, ABC is a triangle, right-angled at A; the sides AB, AC are 
intersected by a straight line PQ, and BQ, PC are joined: shew that 
the sum of the squares on BQ, PC is equal to the sum of the squares 
on BC, PQ. 


45. In aright-angled triangle four times the sum of the squares 
on the medians which biscct the sides containing the right angle 
is equal to five times the square on the hypotenuse. 


46. Describe a square whose area shall be three times that of 
& given square. 


47. Divide a straight line into two parts such that the sum of 
their squares shall be equal to a given square. 


IX. ON LOCI. 


It is frequently required in the course of Plane Geometry to 
find the position of a point which satisfies given conditions. 
Now all problems of this type hitherto considered have been 
found to be capable of definite determination, though some admit 
of more than one solution: this however will not be the case if 
only one condition is given. For example, if we are asked to find 
& point which shall be at a given distance from a given point, 
we observe at. once that the problem is indeterminate, that is, 
that it admits of an indefinite number of solutions; for the 
condition stated is satisfied by any point on the circumference 
of the circle described from the given point as centre, with a 
radius equal to the given distance: moreover this condition is 
satisfied by no other point within or without the circle. 


Again, suppose that it is required to find a point at a given 
distance from a given straight line. 
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Here, too, it is obvious that there are an infinite number of 
such points, and that they lie on the two parallel straight lines 
which may be drawn on either side of the given straight line at 
the given distance from it: further, no point that is not on one 
or other of these parallels satisfies the given condition. 


Hence we see that when one condition is assigned it is not 
sufficient to determine the position of a point absolutely, but 
it may have the effect of restricting it to some definite line or 
lines, straight or curved. This leads us to the following definition. 


DerFinition. The Locus cf a point satisfying an assigned 
condition consists of the line, lines, or part of a line, to which 
the point is thereby restricted ; provided that the condition 1s 
satisfied by every point on such line or lines, and by no other. 


A locus is sometimes defined as the path traced out by a 
puint which moves in accordance with an assigned law. 


Thus the locus of a point, which is always at a given distance 
from a given point, is a circle of which the given point is the 
centre: and the locus of a point, which is always at a given dis- 
tance from a given straight line, is a pair of parallel straight lines. 


We now sec that in order.to infer that a certain line, or 
system of lines, is the locus of a point under a given condition, 
it is necessary to prove 

(i) that any point which fulfils the given condition is on the 
supposed locus ; 


(ii) that every poiut on the supposed locus satisfies the given 
condition. 


1. Find the locus of a point which ts always equidistant from 
two given points. 


Let A, B be the two given points, 
(a) Let P be any point equidistant from A 
and B, so that AP= BP. 
Bisect AB at X, and join PX. 
Then in the a* AXP, BXP, 
AX = BX, Constr, 
Because jana PX is common to both, 
also AP= BP, Hyp. 
.. the 4 PXA=the z PXB; r. 8. 
and they are adjacent 2°; 
.. PX is perp. to AB. 
.. Any point which is equidistant from A and B 
is on the straight line which bisects AB at right anyles. 
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(8) Also every point in this line is equidistant from A and B. 
For let Q be any poe in this line. 
Join AQ, B 
Then in the A’ AXQ, BXQ, 
AX= BX, 
Because and XQ is common to both; 
also the 4 AXQ=the 4 BXQ, being rt. L*; 
.. AQ=BQ. 1. 4. 
That is, Q is equidistant from A and B. 


Hence we conclude that the locus of the point equidistant from 
elo SA points A, B is the straight line which bisects AB at right 
angles, 


2. To find the locus of the middle point of a straight line drawn 
from a given point to meet a given straight line of unlimited length. 


B F _X Y_ 9) 








Let A be the given point, and BC the given straight line of un- 
limited length. 


(a) Let AX be any straight line drawn through A to meet BC, 

and let P be its middle point. 
Draw AF perp. to BC, and bisect AF at E. 
Join EP, and produce it indefinitely. 

Sinee AFX is a A,and E, P the middle points of the two sides AF, AX, 

EP is parallel to the remaining side FX. Ex. 2,'p. 96. 

. P ig on the straight line which passes through the jixed point E, 

ands is parallel to BC. 


(8) Again, every point in EP, or EP produced, fulfils the required 
condition. 
For, in this straight line take any point Q. 
Join AQ, and produce it to meet BC in Y. 
Then FAY is a A, and through E, the middle point of the side AF, EQ 
is drawn parallel to the side FY, 
.. @ ia the middle point of AY. Ex. 1, p. 96. 


Hence the required locus is the straight line drawn parallel to BC, 
and passing through E, the middle point of the perp. from A to BC, 
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3. Find the locus of a point equidistant from two given inter- 
secting straight lines. [See Ex. 3, p. 49.] 


4, Find the locus of a point at a given radial distance from the 
circumference of a given circle. 


_ 5. Find the locus of a point which moves so that the sum of its 
distances from two given intersecting straight lines of unlimited 
length is constant. 


6. Find the locus of a point when the differences of its distances 
from two given intersecting straight lines of unlimited length is 
constant. 


7. <A straight rod of given length slides between two straight 
rulers placed at right angles to one another: find the locus of its 
middle point. [See Ex. 2, p. 100.] 


8. On a given base as hypotenuse right-angled triangles are 
described: find the locus of their verticcs. 


9. AB isa given straight line, and AX is the perpendicular drawn 
from A to any straight line passing through B: find the locus of 
the middle point of AX. 


10. Find the locus of the vertex of a triangle, when the base and 
area are given. 


11. Find the locus of the intersection of the diagonals of a paral- 
lelogram, of which the base and area are given. 


12. Find the locus of the intersection of the medians of a triangle 
described on a given base and of given area. 


X. ON THE INTERSECTION OF LOCI, 


It appears from various problems which have already been 
considered, that we are often required to find a point, the 
position of which is subject to two given conditions, The method 
of loci is very useful in the solution of problems of this kind: 
for corresponding to each condition there will be a locus on 
which the required point must lie; hence all points which are 
common to these two loci, that is, all the points of intersection 
of the loci, will satisfy both the given conditions, 
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Exampite 1. To construct a triangle, having given the buse, the 
altitude, and the length of the median which bisects the base. 

Let AB be the given base, and P and Q the lengths of the altitude 
and median respectively: 

then the triangle is known if its vertex is known. 

(i) Draw a straight line CD parallel to AB, and at a distance 

from it equal to P: 
then the required vertex must lie on CD. 

(ii) Again, from the middle point of AB as centre, with radius 

equal to Q, describe a circle: 
then the required vertex must lie on this circle. 

Hence any points which are common to CD and the circle, 
satisfy both the given conditions: that is to say, if CD intersect the 
circle in E, F each of the points of intersection might be the vertex 
of the required triangle. This supposes the length of the median 
Q to be greater than the altitude. 


ExamMPLE 2, To find a point equidistant from three given points 
A, B, C, which are not in the same straight lin. 


(i) The locus of points equidistant from A and B is the straight 
line PQ, which bisects AB at right angles. Ex. 1, p. 115. 


(ii) Similarly the locus of points equidistant from B and C is 
the straight line RS which bisects BC at riglit angles. 

Hence the point common to PQ and RS must satisfy both con- 
ditions: that is to say, the point of intersection of PQ and RS will 
be equidistant from A, B, and C. 


These principles may also be used to prove the theorems 
relating to concurrency already given on page 103. 


ExaMPLe. T'o prove that the bisectors of the angles of a triangle 
are concurrent. 


Let ABC be a triangle. 
Bisect the 2* ABC, BCA by straight A 
lines BO, CO: these must meet at 
some point O. Ax. 12. R 
Join OA. Q 
Then shall OA bisect the 2 BAC. 
Now BO is the locus of points equi- 6 
distant from BC, BA; Ex. 3, p. 49, 


Similarly CO is the locus of points 8 P 
equidistant from BC, CA. 
., OP=OQ; hence OR=OQ., 
.. O is on the locus of points equidistant from AB and AC: 
that is OA is the bisector of the 2 BAC. 
Hence the bisectors of the three 2* meet at the point O. 
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It may happen that the data of the problem are so related 
to one another that the resulting loci do not intersect: in this 
case the problem is impossible. 


For example, if in Ex. 1, page 118, the length of the given 
median 7s less than the given altitude, the straight line CD will 
not be intersected by the circle, and no triangle can fulfil the 
conditions of the problem. If the length of the median is equal 
to the given altitude, one point is common to the two loci; 
and consequently only one solution of the problem exists: 
and we have seen that there are two solutions, if the median 
is greater than the altitude. 


In examples of this kind the student should make a point 
of investigating the relations which must exist among the data, 
in order that the problem may be possible ; and he must observe 
that if under certain relations ¢wo solutions are possible, and 
under other relations no solution exists, there will always be 
some intermediate relation under which one and only one solution 
is possible, 


EXAMPLES. 


1. Find a point in a given straight line which is equidistant 
from two given points. 


2. Find a point which is at given distances from cach of two 
given straight lines. How many solutions are possible? 


3. Ona given base constiuct a triangle, having given one angle at 
the base and the length of the opposite side. Ixamine the relations 
which must exist among the data in order that there may be two solu- 
tions, one solution, or that the problem may be impossible. 


4, On the base of a given triangle construct a second triangle 
equal in area to the first, and having its vertex in a given straight 
line. 


5. Construct an isosceles triangle equal in area to a given 
triangle, and standing on the same base. 


6. Find a point which is at a given distance from a given point, 
and is equidistant from two given parallel straight lines. 


BOOK. II. 


Boox II. deals with the areas of rectangles and squares. 


DEFINITIONS. 


1. A Rectangle is a parallelogram which has one of 
its angles a right angle. 


It should be remembered that if a parallelogram has one right 
angle, all its angles are right angles. [Ex. 1, p. 64.] 


2. <A rectangle is said to be contained by any two of 
its sides which form a right angle: for it is clear that both 
the form and magnitude of a rectangle are fully determined 
when the lengths of two such sides are given. 


Thus the rectangle ACDB is said A - -B 
to be contained by AB, AC; or by CD, 
DB: and if X and Y are two straight 
lines equal respectively to AB and AC, 
then the rectangle contained by X and Y 
is equal to the rectangle contained by 
AB, AC. C D 
[See Ex. 12, p. 64.] : 


After Proposition 3, we shall use the abbreviation 
rect. AB, AC to denote the rectangle contained by AB and 
AC. 








3. In any parallelogram the figure formed by either 
of the parallelograms about a diagonal together with the 
two complements is called a gnomon. 


Thus the shaded portion of the annexed 
figure, consisting of the parallelogram EH 
together with the complements AK, KC is 
the gnomon AHF, 

The other gnomon in the figure is that 
which is made up of AK, GF and FH, 
namely the gnomon AFH, 
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INTRODUCTORY. 


Pure Geometry makes no use of number to estimate the 
magnitude of the lines, angles, and figures with which it deals: 
hence it requires no units of magnitude such as the student is 
familiar with in Arithmetic. 


For example, though Geometry is concerned with the relative 
lengths of straight lines, it does not seek to express those lengths 
in terms of yards, feet, or inches: similarly it does not ask how 
many square yards or square feet a given figure contains, nor how 
many degrees there are in a given angle. 


This constitutes an essential difference between the method 
of Pure Geometry and that of Arithmetic and Algebra; at the 
same time a close connection exists between the results of these 
two methods, 


In the case of Euclid’s Book IT., this connection rests upon 
the fact that the number of units of area in a rectangular figure 
ws found by multiplying together the numbers of units of length in 
two adjacent sides, 


For example, if the two sides AB, AD 
of the rectangle ABCD are respectivel 
four and three inches long, and if throug 
the points of division parallels are drawn 
as in the annexed figure, it is seen that 
the rectangle is divided into three rovs, 
each containing fous square inches, or 
into four columns, each containing three 
square inches. 





Hence the whole rectangle contains 3x4, or 12, square 
inches. 


Similarly if AB aud AD contain m and n units © length 
respectively, it follows that the rectangle ABCD will contain mn 
units of area: further, if AB and AD are equal, each containing 
m units of length, the rectangle becomes a square, and contains 
m? units of area. 


[It must be understood that this explanation implies that the 
lengths of the straight lines AB, AD are commensurable, that is, that 
they can be expressed ez'actly in terms of some common unit. 

This however is not always the case: for example, it may be 
proved that the side and diagonal of a square are so related, that 
it is impossible to divide either of them into equal parts, of which the 
other contains an exact number. Such lines are said to be incommen- 
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surable. Hence if the adjacent sides of a rectangle are incommen- 
surable, we cannot choose any linear unit in terms of which these 
sides may be exactly expressed; and thus it will be impossible to sub- 
divide the rectangle into squares of unit area, as illustrated in the 
figure of the preceding page. We do not here propose to enter 
further into the subject of incommensurable quantities: it is suffi- 
cient to point out that further knowledge of them will convince the 
student that the area of a rectangle may be expressed to any required 
degree of accuracy by the product of the lengths of two adjacent 
sides, whether those lengths are commensurable or not. } 


From the foregoing explanation we conclude that the rectangle 
contained by two straight lines in Geometry corresponds to the 
product of two numbers in Arithmetic or Algebra; and that the 
square described on a straight line corresponds to the syuare of 
a number. Accordingly it will be found in the course of Book II. 
that several theorems relating tv the areas of rectangles and 
squares are analogous to well-known algebraical formule. 


In view of these principles the rectangle contained by two 
straight lines AB, BC is sometimes expressed in the form of a 
product, as AB.BC, and the square described on AB as AB’. 
This notation, together with the signs + and —, will be employed 
in the additional matter appended to this book; but 7 is not 
admitted into Euclid’s text erates it is desirable in the first 
instance to emphasize the distinction between geometrical mag- 
nitudes themselves and the numerical equivalents by which they 
may be expressed arithmetically. 


fy sete Windy poy 


"a Proposition |. THEOREM. 


If there are two straight lines, one of which is divided 
unto any number of parts, the rectangle contained by the 
two straight lines is equal to the sum of the rectangles con- 


tained by the undwuled straight line and the several parts 
of the divided line. 


Let P and AB be two straight lines, and let AB be 
divided into any number of parts AC, CD, DB: 


then shall the rectangle contained by P, AB be equal 
to the sum of the rectangles contained by P, AC, by P, CD, 


io 2 Ee] 


BOOK II. PROP. 1. 
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From A draw AF perp. to AB; 1 11, 
and make AG equal to P. 1. 3, 
Through G draw GH par! to AB; 1. 31, 


and through C, D, B draw CK, DL, BH par! to AG. 


Now the fig. AH is made up of the figs. AK, CL, DH: 
and of these, 
the fig. AH is the rectangle contained by P, AB; 
for the fig. AH is contained by AG, AB; and AG=P: 
and the fig. AK is the rectangle contained by P, AC ; 
for the fig. AK is contained by AG, AC; and AG=P: 
also the fig. CL is the rectangle contained by P, CD; 
for the fig. OL is contained by CK, CD; 
and CK:-the opp. side AG, and AG=P: 1 34. 
similarly the fig. DH is the rectangle contained by P, DB. 


.. the rectangle contained by P, AB is equal to the 


sum of the rectangles contained by P, AC, by P, CD, and 
by P, DB. Q.E.D. 


CORRESPONDING ALGEBRAICAL FORMULA. 
In accordance with the principles explained on page 122, the result 
of this proposition may be written thus: 
P.AB=P.AC+P.CD+P. DB. 


Now if the line P contains p units of length, and if AC, CD, DB 
contain a, b, c units respectively, 


then AB=a+b+e, 


aud we have p(at+b+c)=pa+pb+pe. 
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Proposition 2. THEOREM. 


If a straight line 18 divided into any two parts, the 
square on the whole line is equal to the sum of the rectangles 
contained by the whole line and each of the parts. 


A Cc 6B 


D F CE 


Let the straight line AB be divided at C into the two 
parts AC, CB: 
then shall the sq. on AB be equal to the sum of the 
rects, contained by AB, AC, and by AB, BC. 
On AB describe the square ADEB. 1. 46. 
Through C draw CF par! to AD. 1. 31. 
Now the fig. AE is made up of the figs. AF, CE: 
and of these, 
the fig. AE is the sq. on AB: Constr. 
and the fig. AF is the rectangle contained by AB, AC; 
for the fig. AF is contained by AD, AC; and AD=AB; 
also the fig. CE is the rectangle contained by AB, BC; 
for the fig. CE is contained by BE, BC; and BE = AB. 
.. the sq. on AB=the sum of the rects. contained by 
AB, AC, and by AB, BC. Q.E.D. 


CORRESPONDING ALGEBRAICAL FORMULA. 


The result of this proposition may be written 
AB?=AB.AC+AB.BC, 
Let AC contain a units of length, and let CB contain b units, 
then AB=a+), 
and we have (a+b)?=(a+b)a+(a+0b) b. 
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Proposition 3. THEOREM. 


If a@ straight line is divided into any two parts, the 
rectangle contained by the whole and one of the parts is 


equal to the square on that part together with the rectangle 
contained by the two parts. 


A C B 


F D CE 


Let the straight line AB be divided at C into the two 
parts AC, CB: 

then shall the rect. contained by AB, AC be equal io the 
sq. on AC together with the rect. contained by AC, CB. 


On AC describe the square AFDC ; 1. 46. 
and through B draw BE par! to AF, meeting FD produced in E. 
1. 31. 


Now the fig. AE is made up of the figs. AD, CE; 
and of these, 


the fig. AE =the rect. contained by AB, AC; 


for AF =AC; 
and the tig. AD is the sq. on AC ,; Constr. 
also the fig. CE is the rect. contained by AC, CB; 
for CD=AC. 


.. the rect. contained by AB, AC is equal to the sq. on 
AC together with the rect. contained by AC, CB. QED, 


CORRESPONDING ALGEBRAICAL FORMULA. 
This result may be written AB .AC=AC*+AC.CB. 
Let AC, CB contain a and b units of length respectively, 
then AB=a+4), 


and we have (a + b)a=a?+ ad, 


Nore. It should be observed that Props, 2 and 3 are special cases 
of Prop. 1. 
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Proposition 4. THROREM. 


If a straight line is divided into any two parts, the 
square on the whole line is equal to the sum of the squares 
on the two parts together with twice the rectangle contained 
by the two parts. 


A Cc B 
H K 
D F E 


Let the straight line AB be divided at C into the 
two parts AC, CB: 

then shall the sq. on AB be equal to the sum of the 
sqq. on AC, CB, together with twice the rect. AC, CB. 


On AB describe the square ADEB ; 1. 46. 
and join BD. 
Through C draw CF par' to BE, meeting BDin G, 1.31. 
Through G draw HGK par' to AB. 


It is first required to shew that the fig. CK is the 
sq. on BC, 


Because the straight line BGD meets the par'’ CG, AD, 
. the ext. angle CGB = the int. opp. angle ADB. 1. 29. 
But AB =AD, being sides of a square ; 
., the angle ADB = the angle ABD; 1. 5. 
.. the angle CGB = the angle CBG. 
“. CB= CG. 1. 6. 
And the opp. sides of the par™ CK are equal; 1. 34, 
.. the fig. CK is equilateral ; 
and the angle CBK isaright angle; Def 28, 
.". CK is a square, and it is described on BC, 1.46, Cor. 


Similarly the fig. HF is the sq. on HG, that is, the sq. 
on AC, 


for HG = the opp. side AC. 1, 34, 
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Again, the complement AG = the complement GE. 1. 43. 


But the fig. AG = the rect. AC, CB; for CG = CB, 
.. the two figs. AG, GE = twice the rect. AC, CB. 


*Now the sq. on AB = the fig. AE 
= the figs. HF, CK, AG, GE 
= the sqq. on AC, CB together with 
twice the rect. AC, CB. 
.. the sq. on AB = the sum of the sqq. on AC, CB with 
twice the rect. AC, CB. Q.E.D. 


* For the purpose of oral work, this step of the proof 
may conveniently be arranged as follows : 
Now the sq. on AB is equal to the fig. AE, 
that is, to the figs. HF, CK, AG, GE; 


that is, to the sqq. on AC, CB together 
with twice the rect. AC, CB. 


Coxottary. Jarallelograms about the diagonals of a 
square are themselves squares. 


CORRESPONDING ALGEBRAICAL FORMULA. 


The result of this important Proposition may be written thus. 
AB?= AC?+CB?+2AC.CB. 


Let AC=a, and CB=b; 
then AB=a+), 
and we have (a+ b}? =a" + b? + ab. 
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Proposition 5. THEOREM. 


If a straight line is divided equally and also unequally, 
the rectangle contained by the unequal parts, and the square 
on the line between the points of section, are together equal to 
the square on half the line. 


A P Q 8 


Cc E oD 


Let the straight line AB be divided equally at P, and 
unequally at Q: 

then the rect. AQ, QB and the sq. on PQ shall be to- 
gether equal to the sq. on PB. 


On PB describe the square PCDB. 1. 46, 
Join BC. 
Through @ draw QE par' to BD, cutting BC in F. 1. 31. 
Through F draw LFHG par! to AB. 
Through A draw AG par' to BD. 
Now the complement PF = the complement FD: 1. 43. 
to each add the fig. QL; 
then the fig. PL = the fig. QD. 
But the fig. PL = the fig. AH, for they are par™ on 
equal bases and between the same par”. 1, 36. 
.. the fig. AH = the fig. QD. 
To each add the fig. PF; 
then the fig. AF = the gnomon PLE. 


Now the fig. AF =the rect. AQ, QB, for QB = QF ; 
.. the rect. AQ, QB=the gnomon PLE. 
To each add the sq. on PQ, that is, the fig. HE; 11. 4. 
then the rect. AQ, QB with the sq. on PQ . 
= the gnomon PLE with the fig. HE 
= the whole fig. PD, 
which is the sq. on PB. 
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That is, the rect. AQ, QB and the sq. on PQ are together 
equal to the sq. on PB. Q.E.D. 


CoroLuARY. From this rroposition 1t roliows that the 
difference of the squares on two straight lines is equal to the 
rectangle contained by their sun and difference. 


For let X and Y be the given A P Q B 
st. lines, of which X is the greater, See 
Draw AP equal to X, and pro- X 
duce it to B, making PB equal to Y 
AP, that is to X. 
From PB cut off PQ equal to Y. 
Then AQ is equal to the sum of X and Y, 
and QB is equal to the difference of X and Y. 
Now because AB is divided equally at P and unequally at Q, 

.. the rect. AQ, QB with sq. on PQ=the sq.on PB; m1. 5. 
that is, the difference of the sqq. on PB, PQ= the rect. AQ, QB, 
or, the difference of the sqq. on X and Y=the rect. contained by the 

sum and the difference of X and Y. 








CORRESPONDING ALGEBRAICAL FORMULA, 


This result may be written 
AQ. QB+PQ?=PB?. 
Let AB=2a; and let PA=); 
then AP and PB each=a. 
Also AQ=a+b; and QB=a-b. 


Hence we have 
(a+b) (a—b)+0?=a?, 
or (a+b) (a—b) =a? - 0. 


EXERCISE. 


In the above figure shew that AP is half the sum of AQ and QB; 
and that PQ is half their difference. 


9—2 
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Prorosition 6. THEOREM. 


If a straight line vs bisected and produced to any point, 
the rectangle contained by the whole line thus produced, and 
the part of it produced, together with the square on half 
the line bisected, 18 equal to the square on the straight line 
made up of the half and the part produced. 





Let the straight line AB be bisected at P, and pro- 
duced to @: 
then the rect. AQ, QB and the sq. on PB shall be to- 
gether equal to the sq. on PQ. 
On PQ describe the square PCDQ. 1. 46. 
Join QC. 
Through B draw BE par! to QD, meeting QC in F. 1. 3l. 
Through F draw LFHG par' to AQ. 
Through A draw AG par! to QD. 


Now the complement PF =the complement FD. 1. 45. 
But the fg. PF =the fig. AH; for they are par™ on 
equal bases and between the same par", 1. 36. 
.. the fig. AH = the fig. FD. 
To each add the fig. PL; 
then the fig. AL — the gnomon PLE. 
Now the tig. AL = the rect. AQ, QB, for QB:- QL; 
.. the rect. AQ, QB= the gnomon PLE. 
To each add the sq. on PB, that is, the fig. HE ; 
then the rect. AQ, QB with the sq. on PB 
- the gnomon PLE with the fig. HE 
-. the whole fig. PD, 
which is the square on PQ. 
That is, the rect. AQ, QB and the sq. on PB are together 
equal to the sq. on PQ. q.E.D. 
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CORRESPONDING ALGEBRAICAL FORMULA. 


This result may be written 

AQ .QB + PB?= PQ’, 
Let AB=2a; and let PA=); 

then AP and PB each=a. 
Also AQ=a+b; and QB=b-.«. 

Hence we have 

(a +b) (b-a)+a?=bd?, 

or (b+a) (b-a)=v?- a’, 


Derinitrion. Ifa point X is taken in a straight line AB, or in AB 
produced, the distances of the 
point of section from the ex- A x B 
tremities of AB are said to be 
the segments into which AB is 
divided at X. A B X 
In the former case AB is 
divided internally, in the latter case externally. 





Thus in the annexed figures the segments into which AB is 
divided at X are the lines XA and XB. 


This definition enables us to include Props. 5 and 6 in a single 
Enunciation. 


If a straight line is bisected, and also divided (internally or er- 
ternally) into two unequal segments, the rectangle contained by the un- 
equal segments ts equal to the difference of the squares on half the line, 
and on the line between the points of section, 


EXERCISE, 


Shew that the Enunciations of Props, 5 and 6 may take the 
following form: 
The rectangle contained by two straight lines is equal to the differ- 


ence of the squares on half their sum and on half their difference. 
[See Ex., p. 129.] 
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PROPOSITION 7. ‘THEOREM. 


If a straight line is divided into any two parts, the sum 
of the squares on the whole line and on one of the parts 
as egual to twice the rectangle contained by the whole and 
that part, together with the square on the other part. 


A, 


NI 


D 


Let the straight line AB be divided at C into the two 
parts AC, CB: 

then shall the sum of the sqq. on AB, BC be equal to 
twice the rect. AB, BC together with the sq. on AC. 


On AB describe the square ADEB. 1. 46. 
Join BD, 
Through C draw CF par! to BE, meeting BD in G, 1.31. 
Through G draw HGK par! to AB. 


nl 
m 


Now the complement AG =the complement GE; 1. 43. 
to each add the fig. CK: 
then the fig. AK the fig. CE. 
But the fig. AK =the rect. AB, BC; for BK == BC. 
., the two tigs, AK, CE = twice the rect. AB, BC. 
But the two figs. AK, CE inake up the gnomon AKF and the 
fig. CK: 
.*. the gnomon AKF with the fig. CK = twice the rect. AB, BC. 
To each add the fig. HF, which is the sq. on AC: 
then the gnomon AKF with the figs. CK, HF 
= twice the rect. AB, BC with the sq. on AC. 


Now the sqq. on AB, BC = the figs. AE, CK 
=the gnomon AKF -with tho 
figs. CK, HF 
= twice the rect. AB, BC with 
the sq. on AC. 
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CORRESPONDING ALGEBRAICAL FORMULA. 


The result of this proposition may be written 
AB? + BC?=2AB. BC + AC?, 
Let AB=a, and BC=b; then AC=a ~b. 
Hence we have a? + b?=2ab + (a — b)*, 
or (a — b)?=a? - 2ab +b. 


Proposition 8. THEOREM. 


If a straight line be divided into any two parts, four 
times the rectangle contained by the whole line and one of 
the parts, together with the square on the other part, 1s equal 
to the square on the straight line which is made up of the 
whole and that part. 


[As this proposition is of little importance we merely give the 
figure, and the leading points in Euclid’s proof.) 


Let AB be divided at C. A CB OD 
ee AB to D, making BD equal iS KZ N 
On AD describe the square AEFD; X 
and complete the construction as in- 
dicated in the figure, 
Euclid then proves (i) that the figs. 
CK, BN, GR, KO are all equal. E H LF 


(ii) that the figs. AG, MP, PL, RF are all equal. 

Hence the eight figures named above are four times the 
sum of the figs. AG, CK; that is, four times the fig. AK; 
that is, four times the rect. AB, BC. 

But the whole fig. AF is made up of these eight figures, 
together with the fig. XH, which is the sq. on AC: 

hence the sq. on AD = four times the rect. AB, BC, 
together with the sq. on AC. Q.E.D. 


A C BD 
The accompanying figure will suggest a 


less cumbrous proof, which we leave as an 
Exercise to the student. 
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Proposition 9. THeroreM. [Evuctip’s Proor.]| 


Lf a straight line is divided equally and also unequally, 
the sum of the squares on the two unequal parts is twice 
the sum of the squares on half the line and on the line 
between the points of section. 


C 


A P Q 8 


Let the straight line AB be divided equally at P, and 
unequally at Q: 

then shall the sum of the sqq. on AQ, QB be twice the 
sum of the sqq. on AP, PQ. 


At P draw PC at rt. angles to AB; oa 
and make PC equal to AP or PB. 1. 3. 
Join AC, BC. 

Through Q draw QD par' to PC; 1. 31. 

and through D draw DE par! to AB. 

Join AD. 

Then since PA = PC, Constr. 
.. the angle PAC = the angle PCA. I. 5. 
And since, in the triangle APC, the angle APC is a rt. 
angle, Constr. 


.. the sum of the angles PAC, PCA is a rt. angle: 1 32. 
hence each of the angles PAC, PCA is half a rt. angle. 
So also, each of the angles PBC, PCB is half a rt. angle. 
.. the whole angle ACB is a rt. angle. 


Again, the ext. angle CED = the int. opp. angle CPB, 1. 29. 
.. the angle CED is a rt. angle: 
and the angle ECD is half art. angle. Proved. 
‘, also the angle EDC is half art. angle; ir. 32: 
.*, the angle ECD =the angle EDC; 
. EC=ED. “1 6, 
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Again, the ext. angle DQB = the int. opp. angle CPB, 1. 29. 
.. the angle 0QB is a rt. angle. 
And the angle QBD is halfart. angle; Proved. 
‘+, also the angle QDB is halfart. angle: 1. 32. 
.. the angle QBD = the angle QDB; 
*.. QD - QB. 1. 6, 


Now the sq. on AP = thesq. on PC; for AP=PC. Constr. 
But the sq. on AC =the sum of the sqq. on AP, PC, 
for the angle APC is a rt. angle. 1.47. 
.. the sq. on AC is twice the sq. on AP. 


So also, the sq. on CD is twice the sq. on ED, that: is, twice 

the sq. on the opp. side PQ. 1. 34, 
Now the sqq. on AQ, QB = the sqq. on AQ, QD 

= the sq. on AD, for AQD is a rt. 

angle; 1, 47. 

== the sum of the sqq. on AC, CD, 

for ACDisart. angle; 1. 47. 

-- twice the sq. on AP with twice 


the sq. on PQ. Proved. 
That is, 
the sum of the sqq. on AQ, QB -- twice the sum of the sqq. 
on AP, PQ. Q.E.D. 


CORRESPONDING ALGEBRAICAL FORMULA. 


The result of this proposition may be written 
’ AQ’ + QB?= 2 (AP? PQ?). 
Let AB=2a; and PQ=)D; 
then AP and PB each =a. 
Also AQ=a+b; and QB=a-—b, 


Hence we have 
(a +b)? + (a -b)?=2 (a7+0°). 


{[NoTe. For alternative proofs of this proposition, see page 137 A.] 
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Proposition 10. THEOREM. [Evciip’s Proor. | 


Lf a straight line is bisected and produced to any point, 
the sum of the squares on the whole line thus produced, and 
on the part produced, is twice the sum of the squares on half 
the line bisected and on the line made up of the half and the 
part produced. 





Let the st. line AB be bisected at P, and produced to Q: 
then shal] the sum of the sqq. on AQ, QB be twice the 

sum of the sqq. on AP, PQ. 
At P draw PC at right angles to AB; ae 
and make PC equal to PA or PB. 1, 3, 

Join AC, BC. 
Through Q@ draw QD par! to PC, to meet CB produced 
in D; 1. 31. 
and through D draw DE par' to AB, to meet CP produced 
in E, 


Join AD. 
Then since PA = PC, Constr. 
.. the angle PAC = the angle PCA. 1. 5, 


And since in the triangle APC, the angle APC is a rt. angle, 
.. the sum of the angles PAC, PCA isart. angle. 1. 32. 
Hence each of the angles PAC, PCA is half a rt. angle. 
So also, each of the angles PBC, PCB is half a rt. angle. 

.. the whole angle ACB is a rt. angle. 


Again, the ext. angle CPB = the int. opp. angle CED: 1. 29. 
.. the angle CED is,a rt. angle: 
and the angle ECD is half art. angle. Proved. 
.. the angle EDC is half a rt. angle. 1. 32. 
.. the angle ECD = the angle EDC; 
.. EC=ED. I. 6, 
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Again, the angle D@B = the alt. angle CPB. 1. 29, 
. the angle DQB is a rt, angle. 
Also the angle QBD = the vert. opp. angle CBP; 1. 15, 
that is, the angle QBD is half a rt. angle. 


.. the angle QDB is half a rt. angle: 1. 32, 
.. the angle QBD = the angle QDB ; 
* QB= QD. 1, 6. 


Now the sq. on AP = the sg. on PC; for AP=PC. Constr. 
But the sq. on AC = the sum of the sqq. on AP, PC, 
for the angle APC is a rt. angle. 1. 47. 
.. the sq. on AC is twice the sq. on AP. 


So also, the sq. on CD is twice the sq. on ED, that is, 
twice the sq. on the opp. side PQ. 1. 34, 


Now the sqq. on AQ, QB = the sqq. on AQ, QD 
= the sq. on AD, for AQD is a rt. 
angle ; 47, 
= the suin of the sqq. on AC, CD, 
for ACD isart. angle; 1. 47. 
-twice the sq. on AP with twice 


the sq. on PQ. Proved. 
That is, 
+he sui of the sqq. on AQ, QB is twice the sum of the sqq. 
ol. AP, PQ. Q. E.D. 


CORRESPONDING ALGEBRAICAL FORMULA. 


The result of this proposition may be written 
AQ’+ BQ°=2 (AP*+ PQ?*). 
Let AB=2a; and PQ=b; 
then AP and PB each=a. 
Also AQ=u+h; and BQ=b--a. 
Hence we have 
(a+b)? + (b-a)?=2 (a7 +0"), 


{[Norr. For alternative proofs uf this proposition, sce page 137 8. ] 
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Proposition 9. [ALTERNATIVE ProorF. | 


If a straight line is divided equally and also unequally, 
the sum of the squares on the two unequal parts ta twice the 
sum of the squares on half the line and on the line between 
the points of section. 





A P Q B 


Tet the straight line AB be divided equally at. P and 
unequally at Q: 

then shall the sum of the sqq. on AQ, QB be twice the 
sum of the sqq. on AP, PQ. 


For since AQ is divided at P, 

“. the sq. on AQ= the sun of the sqq. on AP, PQ with 
twice the rect. AP, PQ. It. 4, 

And because PB is divided at Q, 

.. the sq. on QB with twice the rect. PB, PQ =the sum 
of the sqq. on PB, PQ. lis. 7. 


Adding together these pairs of equals, 

the sqq. on AQ, QB with twice the rect. PB, PQ@= the 
sum of the sqq. on AP, PQ, PB, PQ with twice the rect. 
AP, PQ. 


But twice the rect. PB, PQ = twice the rect. AP, PQ. 
Hence the sqq. on AQ, QB 


:- the sum of the sqq. on AP, PQ, PB, PQ 
-- twice the sum of the sqq. on AP, PQ. 


A more concise proof of this proposition may be obtained from 
1r. 4 and 5, as follows: 
For AQ. QB= PB? - PQ’. 11. 5. 
But AQ’ + QB?—AB?- 2AQ. QB 11. 4 
= 4PB? ~ 2(PB?- PQ?) 
= 2PB?+2PQ?. 
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Proposition 10. [ALTERNATIVE Provr. ] 


Lf a straight line is bisected and produced to any point, 
the sum of the squares on the whole line thus produced and 
on the part produced, is twice the sum of the squares on half 
the line bisected and on the line made up of the half and the 
part produced. 





A P B Q 


Let the st. line AB be bisected at P and produced to Q: 

then shall the sum of the sqq. on AQ, QB be twice the 
sum of the sqq. on AP, PQ. 

For since AQ is divided at P, 

., the sq. on AQ the sum of the sqq. on AP, PQ with 
twice the rect. AP, PQ. 11, 4, 

And because P@ is divided at B, 

.. the sq. on QB with twice the rect. PQ, PB = the sum 
of the sqq. on PQ, PB. u. 7. 

Adding together these pairs of equals, 

the sqq. on AQ, QB with twice the rect. PQ, PB =the 
sum of the syq. on AP, PQ, PQ, PB with twice the rect, 
AP, PQ. 


But twice the rect. PQ, PB =twice the rect. AP, PQ; 
.. the sqq. on AQ, QB 


= the sum of the sqq. on AP, PQ, PQ, PB 
-- twice the sum of the sqq. on AP, PQ. 


A concise proof of this proposition may also be obtained from 
1. 6 and 7, as follows: 
For AQ. QB=PQ?- PB’, 11. 6. 
But AQ?+ QB?=2AQ.QB-+ AB? 11. 7 
= 2 (PQ? - PB?) + 4PB? 
= 2PB?+2PQ?. 
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Proposition 11. PROBLEM. 


To divide a given straight line into two parts, so that 
the rectangle contained by the whole and one part may be 
equal to the square on the other part. 


F G 

A E 8 
E 

Cc K OD 


Let AB be the given straight line. 
It is required to divide it into two parts, so that the 
rectangle contained by the whole and one part may be 
equal to the square on the other part. 


On AB describe the square ACDB. 1. 46. 
Bisect AC at E. 1, 10, 

Join EB. 
Produce CA to F, making EF equal to EB. 1. 3. 
On AF describe the square AFGH. 1. 46. 


Then shall AB be divided at H, so that the rect. AB, BH is 
equal to the sq. on AH. 


Produce GH to meet CD in K. 


Then because CA is bisected at E, and produced to F, 
-. the rect. CF, FA with the sq. on AE=the sq.on FE It. 6. 
= the sq.on EB. Constr. 
But the sq. on EB = the sum of the sqq. on AB, AE, 
for the angle EAB is a rt. angle. 1, 47. 
. the rect. CF, FA with the sq. on AE = the sum of the 
8qq. on AB, AE. 
From these take the sq. on AE: 
then the rect. CF, FA = the sq. on AB. ‘ 
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But the rect. CF, FA = the fig. FK; for FA=FG; 
and the sq. on AB = the fig. AD. Constr. 
. the fig. FK = the fig. AD. 
From these take the common fig. AK, 
then the remaining fig. FH = the remaining fig. HD. 
But the fig. HD =the rect. AB, BH; for BD = AB; 
and the fig. FH is the sq. on AH. 
.. the rect. AB, BH=the sq. on AH. = Q. ELF. 


Derrnition. A straight line is said to be divided in Medial Section 
when the rectangle contained by the given line and one of its segments 
is equal to the square on the other segment. 

The student should observe that this division may be internal or 
external. 

Thus if the straight line AB is divided internally at H, and ex- 
ternally at H’, so that 

i) AB.BH =AH?, 
(ii) AB. BH’=AH®, PA eee ee 
we shall in either case consider that AB is divided in medial section. 

The case of internal section is alone given in Euclid nu, 11; but a 
straight line may be divided externally in medial section by a ‘similar 
process. See Ex. 21, p. 146 


ALGEBRAICAL ILLUSTRATION. 


It is required to find a point H in AB, or AB produced, such that 
AB. BH=AH?. 
Let AB contain a units of length, and let AH contain x units; 
then HB=a-2z: 
and x must be such that a (a— x)=2?, 
or z*+axz-a*=0. 
Thus the construction for dividing a straight linc in medial section 
corresponds to the algebraical solution of this quadratic equation. 


EXERCISES. 


In the figure of rm. 11, shew that 
(i) if CH is produced to meet BF at L, CL is at right angles 
to BF: 


(ii) if BE and CH meet at O, AO is at right angles to CH: 
(iii) the lines BG, DF, AK are parallel : 
(iv) CF is divided in medial section at A. 
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Proposition 12. THEOREM. 


In an obtuse-angled triangle, if a perpendicular is 
drawn from either of the acute angles to the opposite side 
produced, the square on the side subtending the obtuse angle is 
greater than the squares on the sides containing the obtuse 
angle, by twice the rectangle contained by the side on which, 
when produced, the perpendicular falls, and the line imter- 
cepted without the triangle, between the perpendicular and 
the obtuse angle, 

A 


B Cc D 


Let ABC be an obtuse-angled triangle, having the obtuse 
angle at C ; and let AD be drawn from A perp. to BC 
produced : 

then shall the sy. on AB be greater than the sqq. on 
BG, CA, by twice the rect. BC, CD. 


Because BD is divided into two parts at C, 
.. the sq. on BD -- the sum of the sqq. on BC, CD, with twice 
the rect. BC, CD. I. 4. 
To each add the sq. on DA. 
Then the sqy. on BD, DA=the sum of the sqq. on BC, CD, 
DA, with twice the rect. BC, CD. 
But the sum of the sqq. on BD, DA — the sq. on AB, 
for the angle at D is a rt. angle. 1. 47, 
Sunilarly the swum of the sqq. on CD, DA= the sq. on CA, 


.. the sq. on AB= the sui of the sqq. on BC, CA, with 
twice the rect. BC, CD. 
That is, the sq. on AB is greater than the sum of the 
sqy. on BC, CA by twice the rect, BC, CD. Q.E.D. 


[For alternative Enunciations to Props. 12 and 13 and Exercises, 
suv p. 142.) 


\ 
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Proposition 13, ‘THYeOREM. 


In every triangle the square on the side subtendiny an 
acute anyle, is less than the squares on the sides containing 
that angle, by twice the rectangle contained by either of these 
sides, and the straight line intercepted between the perpen- 
dicular let fall on it from the opposite angle, and the acute 
angle. 


A A 


Fig.!. 





B OD C 


Let ABC be any triangle having the angle at B an 
acute angle ; and let AD be the perp. drawn from A to the 
opp. side BC : 

then shall the sq. on AC be less than the sum of the 
sqq. on AB, BC, by twice the rect. CB, BD. 

Now AD may fall within the triangle ABC, as in Fig. 1, or 
without it, as in Fig. 2. 


in Fig. 1. BC is divided into two parts at D, 
in Fig. 2. BD is divided into two parts at C, 
*, an both cases, 
the sum of the sqq. on CB, BD = twice the rect. CB, BD with 
the sq. on CD. 1. 7. 
To each add the sq. on DA. 
Then the sum of the sqq. on CB, BD, DA =- twice the rect. 
CB, BD with the sum of the sqy. on CD, DA. 
But the sum of the sqq. on BD, DA= the sq. on AB, 
for the angle ADB is a rt. angle. 1. 47. 
Similarly the sum of the sqq. on CD, DA = the sq. on AC. 
.. the sum of the sqq. on AB, BC, = twice the rect. CB, BD, 
with the sq. on AC, 
That is, the sq. on AC is less than the sqq. on AB, BC 
by twice the rect. CB, BD. Q.E.D. 


H. E. 10 


Because 
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Obs. If the perpendicular AD coincides with AC, that is, if ACB 
is a right angle, it may be shewn that the proposition merely repeats 
the result of 1. 47. 


Norse. The result of Prop. 12 may be written 
AB?=BC*+ CA?+2BC.CD. 

Remembering the definition of the Projection of a straight line 
given on page 97, the student will sce that this proposition may be 
cnunciated as follows: 

In an obtuse-anyled triangle the square on the side opposite the 
obtuse angle is greater than the sum of the squares on the sides contain- 
ing the obtuse angle by twice the rectangle contained by either of those 
sides, and the projection of the other side upon it. 


Prop. 13 may be written 
AC*= AB?+ BC?- 2CB. BD, 
and it may also be enunciated as follows: 
In every triangle the square on the side subtending an acute angle, 
is less than the squarcs on the sides containing that angle, by twice the 


rectangle contained by either of these sides, and the projection of the 
other side upon tt. 


EXERCISES. 


; The following theorem should be noticed; it is proved by the help 
of 11. 1. 


1. If four points A, B, C, D are taken in order on a straight line, 
then will 
AB.CD+BC.AD=AC. BD. 


ON 11. 12 anp 13. 


2. If from one of the base angles of an isosceles triangle a per- 
pendicular is drawn to the opposite side, then twice the rectangle 
contained by that side and the segment adjacent to the base is equal 
to the square on the base. 


8. If one angle of a triangle is one-third of two right angles, 
shew that the square on the tp side is Jess than the sum of the 
squares on the sides forming that angle, by the rectangle contained by 
these two sides. [See Ex. 10, p. 101.] 


4. If one angle of a triangle is two-thirds of two right angles, 
shew that the square on the opposite side is greater than the squares 
on the sides forming that angle, by the rectangle contained by these 
sides, [See Ex. 10, p. 101.] 
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To describe a square that shall be equal to a given recti- 
aneal figure. 


H 

B 
A G E 
Cy D 


Let A be the given rectilineal figure. 
It is required to describe a square equal to A. 

Jescribe the par™ BCDE equal to the fig. A, and having 

the angle CBE a right angle. 1. 45. 
‘hen if BC = BE, the fig. BD is a square; and what was 

required is done. 
3ut if not, produce BE to F, making EF equal to ED; 1. 3. 

and bisect BF at G. 1. 10. 
‘rom centre G, with radius GF, describe the semicircle BHF: 
produce DE to meet the semicircle at H. 
Then shall the sq. on EH be equal to the given fig. A. 
Join GH. 

“hen because BF is divided equally at G and unequally 

at E, 


‘. the rect. BE, EF with the sq. on GE=the sq. on GF 11. 5. 
= the sq. on GH. 


But the sq. on GH = the sum of the sqq. on GE, EH; 
for the angle HEG is a rt. angle. 1. 47, 
*, the rect. BE, EF with the sq. on GE=the sum of the 
sqq. on GE, EH. 
From these take the sq. on GE: 
then the rect. BE, EF = the sq. on HE. 
But the rect. BE, EF = the fig. BD; for EF=ED; Constr. 
and the fig. BD =: the given fig. A. Constr. 
.. the sq. on EH = the given fiy, A. Q.E.F. 


1O9 
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THEOREMS AND EXAMPLES ON BOOK IL 


~~ 


ON 11 4 AND 7. 


1. Shew by 11. 4 that the square on a straight line is four times 
the square on half the line. 


[This result is constantly used in solving examples cn Book 11, 
especially those which follow froin 1m. 12 and 13.) 


2. Ifa straight line is divided into any three parts, the square on 
the whole line is equal to the sum of the squares on the three parts 
together with twice the rectangles contained by each pair of these 
parts. 


Shew that the algebraical formula corresponding to this theorem is 
(a+b+c)* =a" +b? +c? +4 2be + 2ca + 2ab, 


3. Ina right-angled triangle, if a perpendicular is drawn from the 
right angle to the hypotenuse, the square on this perpendicular is equal 
to the rectangle contained by the segments of the hypotenuse. 


4. In an isosceles triangle, if a perpendicular be drawn from one 
of the angles at the base to the opposite side, shew that the square on 
the perpondicular is equal to twice the rectangle contained by the 
segments of that side together with the square on the segment 
adjacent to the base. 


5. Any rectangle is half tlie rectangle contained by the diagonals 
of the squares describe. upon its two sides. 


6. In any triangle if a perpendicular is drawn from the vertical 
angle to the base, the sum of the squares on the sides forming that 
angle, together with twice the rectangle contained by the segments of 
the base, is equal to the square on the base together with twice the 
square on the perpendicular. 


ON 11. 5 AND 6. 


The student is reminded that these important propositions are 
both included in the following enunciation. 


The difference of the squares on two straight lines is equal to the 
rectangle contained by their swm and differcnee. 


7. Ina right-angled triangle the square on one of the sides form- 
ing the right angle is equal to the rectangle contained by the sum and 
difference of the hypotenuse and the other side. [1. 47 and 1]. 5.] 
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8. The difference of the squares on two sides of a triangle is equal 
to twite the rectangle contained by the base and the intercept between 
the middle point of the base and the foot of the perpendicular drawn 
from the vertical angle to the base. 


Let ABC be a triangle, and let P be the middle point of the base 


BC: let AQ be drawn perp. to BC. 
Then shall AB?—- AC?=2BC. PQ. 





BB Pp Q c 
First, let AQ fall within the triangle. 

Now AB?= BQ? + QA®, 1. 47. 

also AC?= QC?+ QA’, 
AB? — AC?= BQ? - QC? Ax. 8. 
= (BQ+QC) (BQ-— QC) 1. 5, 
=BC.2PQ Kix. 1, p. 129. 
=2 BC e PQ. Qu), 


The case in which AQ falls outside the triangle presents no 
difficulty. 


9. The square on any straight line drawn from the vertex of an 
isosceles triangle to the base is less than the square on one of the equal 
sides by the rectangle contained by the segments of the base. 


10. The square on any straight line drawn from the vertex of an 
isosceles triangle to the base produced, is greater than the square on 
one of the equal sides by the rectangle contained by the segments into 
which the base is divided externally. 


11. If a straight line is drawn through one of the angles of 
an equilateral triangle to meet the opposite side produced, so that the 
rectangle contained by the segments of the base is equal to the square 
on the side of the triangle ; shew that the square on the line so drawn 
is double of the square on a side of the triangle. 


12. If XY be drawn parallel to the base BC of an isosceles 
triangle ABC, then the difference of the squares on BY and CY is 
equal to the rectangle contained by BC, XY. [See above, Ex. &.] 


18. Ina right-angled triangle, if a perpendicular be drawn from 
the right angle to the hypotenuse, the square on either side forming 
the right angle is equal to the rectangle contained by the hypotenuse 
and the segment of it adjacent to that side. 
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on 11. 9 AND 10. 


14. Deduce Prop. 9 from Props. 4 and 5, using also the theorem 
that the square on a straight line is four times the square on half the 
line. 


15. Deduce Prop. 10 from Props. 7 and 6, using also the theorem 
mentioned in the preceding Exercise. 


16. If a straight line is divided equally and also unequally, the 
squares on the two unequal segments are together equal to twice the 
rectangle contained by these segments together with four times the 
square on the line between the points of section. 


on 1 11. 


17. If a straight line is divided internally in medial section, and 
from the greater segment a part be taken equal to the less; shew that 
the greater segment is also divided in medial section. 


18. If a straight line is divided in medial section, the rectangle 
contained by the sum and difference of the segments is equal to 
the rectangle contained by the segments. 


19. If AB is divided at H in medial section, and if X is the 
middle point of the greater segment AH, shew that a triangle whose 
sides are equal to AH, XH, BX respectively must be right-angled. 


20. Ifa straight line AB is divided internally in medial section at 
H, prove that the sum of tlie squares on AB, BH is three times the 
square on AH. 


21. Divide a straight line externally in medial section. 

[Proceed as in 11. 11, but instead of drawing EF, make EF’ equal 
to EB in the direction remote from A; and on AF’ describe the square 
AF’G’H’ on the side remote from AB. Then AB will bedivided exter- 
nally at H’ as required.] 


ON 11. 12 anv 13. 


22. Ina triangle ABC the angles at B and C are acute: if E and 
F are the feet of perpendiculars drawn from the opposite angles to the 
sides AC, AB, shew that the square on BC is equal to the sum of the 
rectangles AB, BF and AC, CE. 


28. ABC is a triangle right-angled at C, and DE is drawn from 
a point D in AC perpendicular to AB: shew that the rectangle 
AB, AE is equal to the rectangle AC, AD. 
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24. In any triangle the sum of the squares on two sides is equal to 
twice the square on half the third side together with twice the square on 
the median which bisects the third side. 


A 





B Pp qc 


Let ABC be a triangle, and AP the median bisecting the ride BC. 
Then shall AB? + AC?=2 BP? 4 2AP?. 


Draw AQ perp. to BC. 
Consider the case in which AQ falls within the triangle, but does 
not coincide with AP. 
Then of the angles APB, APC, one must be obtuse, and the other 
acute: let APB be obtuse. 


Then in the a APB, AB*=BP?-:AP?42BP.PQ. 11. 12, 
Also in the A APC, AC?=CP?+AP"2~2CP., PQ. 11. 13. 


But CP= BP, 
CP*=BP?; and the rect. BP, PQ=the rect. CP, PQ. 
Hence adding the above results 
AB?+ AC?=2.BP?+2. AP? Q.E.D. 
The student will have no difficulty in adapting this proof to the 
cases in which AQ falls without the triangle, or coincides with AP. 


25. The sum of the squares on the sides of a parallelogram is equal 
to the sum of the squares on the diagonals. 


26. In any quadrilateral the squares on the diagonals are toge- 
ther equal to twice the sum of the squares on the straight lines join- 
ing the middle points of opposite sides. [See ix. 9, p. 97.] 


27. If from any point within a rectangle straight lines are drawn 
to the angular points, the sum of the squares on one pair of the lines 
drawn to opposite angles is equal to the sum of the squares on the 
other pair. 


28. The sum of the squares on the sides of a quadrilateral is 
greater than the sum of the squares on its diagonals by four timer 
the square on the straight line which joins the middle points of the 
diagonals. 


29. O is the middle point of a given straight line AB, and from 
O as centre, any circle is described: if P be any point on its circum- 
ference, shew that the sum of the squares on AP, BP is constant. 
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30. Given the base of a triangle, and the sum of the squares on 
the sides forming the vertical angle; find the locus of the vertex. 


81. ABC is an isosceles triangle in which AB and AC are equal. 
AB is produced beyond the base to D, so that BD is equal to AB. 
Shew that the square on CD is equal to the square on AB together 
with twice the square on BC. 


32. In a right-angled triangle the sum of the squares on the 
straight lines drawn from the right angle to the points of tri- 
section of the hypotenuse is equal to five times the square on the 
line between the points of trisection. 


33. Three times the sum of the squares on the sides of a tri- 
angle is equal to four times the sum of the squares on the medians. 


34. ABC is a triangle, and O the point of intersection of its 
medians: shew that 


AB? + BC? + CA2=3 (OA2+ OB?+ OC). 


35. ABCD is a quadrilateral, and X the middle point of the 
straight line joining the bisections of the diagonals ; with X as centre 
any circle is described, and P is any point upon this circle: shew that 
PA?+ PB*?+ PC?2+- PD? is constant, being equal to 

XA?+ XB?24+ XC?+ XD? +4 4X P2. 


36. The squares on the diagonals of a trapezium are together 
equal to the sum of the squares on its two oblique sides, with twice 
the rectangle contained by its parallel sides. 


PROBLEMS. 


37. Construct a rectangle equal to the difference of two squares. 


38. Divide a given straight line into two parts so that the rect- 
angle contained by them may be equal to the square described on a 
given straight line which is less than half the straight line to be 
divided. 

39. Given a square and one side of a rectangle which is equal 
to the square, find the other side. 


40. Produce a given straight line so that the rectangle contained 
by the whole line thus produced and the part produced, may be equal 
to the square on another given line. 


41. Produce a given straight line so that the rectangle contained 
by the whole line thus produced and the given line shall be equal to 
the square on the part produced. 


42. Divide a straight line AB into two parts at C, such that the 
rectangle contained by BC and another line X may be equal to the 
square on AC, 


PART IT. 


BOOK TIT. 


Book IIT, deals with the properties of Circles. 


DEFINITIONS. 


~ 1. Acircle isa plane figure bounded 
by one line, which is called the eircum- 
ference, and is such that al] straight lines 
drawn from a certain point within the * 
figure to the circumference are equal to 

one another: this point is called the centre 

of the circle. 


9 <A radius of a circle is a straight line drawn froin 
the centre to the circumference. 


3. <A diameter of a circle is a straight line drawn 
through the centre, and terminated both ways hy the 
circumference. 


4. A semicircle is the figure bounded by a diameter 
‘of a circle and the part of the circumference cut off by the 
diameter. 


Irom these definitions we draw the following inferences: 


(i) The distance of a point from the centre of a circle is Jess than 
the radius, if the point is within the circumference: and the distance 
of a point from the centre is greater than the radius, if the point is 
without the circumference. 


(ii) A point is within a circle if its distance from the centre is 
less than the radius: and a point is without a circle if its distance 
from the centre is greater than the radius. 

(iii) Circles of equal radius are equal in all respects; that is to 
say, their areas and circumferences are equal. 


(iv) A circle is divided by any diameter into two parts which are 
equal in all respects. 
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5. Circles which have the same centre are said to be 
concentric. 


6. <An are of a circle is any part of the circumference. 


-/7, Achord of a circle is the straight line which joins 
any two points on the circumference. 


From these definitions it may be seen that a 


chord of a circle, which does not pass through 
the centre, divides the circumference into two 
unequal arcs; of these, the greater is called the 
major arc, and the less the minor are. Thus 
the major are is greater, and the minor are less 


than the semicircumference. 

The major and minor arcs, into which acir- =. y 
cumference is divided by a chord, are said to be . 
conjugate to one another. 


ad 
o 
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8, Chords of a circle are said to be 
equidistant from the centre, when the 
perpendiculars drawn to them from the 
centre are equal : 
and one chord is said to be further from 
the centre than another, when the per- 
pendicular drawn to it from the centre is 
greater than the perpendicular drawn to 
the other. 


9. A secant of a circle is a straight 
line of indefinite length, which cuts the 
ciroumference in two points. 


10. A tangent to a circle is a straight 
line which meets the circumference, but 
being produced, does not cut it. Such a 
line is said to touch the circle at a point; 
and the point is called the point of 
contact. 
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if a secant, which cuts a circle at the 
points P and Q, gradually changes its position Q 
in such a way that P remains fixed, the point Q 
Q will ultimately approach the fixed point P, Q 
until at length these points may be made to 
coincide. When the straight line PQ reaches 
this limiting position, it becomes the tangent P 
to the circle at the point P. 


Hence a tangent may be defined as a 
straight line which passes through two coinci- 
dent points on the circumference. 


11. Circles are said to touch one another when they 
meet, but do not cut one another. 





When each of the circles which meet is outside the other, they are 
said to touch one another externally, or to have external contact: 
when one of the circles is within the other, they are said to touch one 
another internally, or to have internal contact. 


12. A segment of a circle is the figure bounded by a 
chord and one of the two arcs into which the chord divides 
the circumference, 


oe 
re 


me 
oo" “ee 


f — 
¢ ¢ 
‘ / \ av 
7” 
™ cleo 


The chord of a segment is sometimes called its base. 
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13. An angle in a segment is one 
formed by two straight lines drawn from 
any point in the arc of the segment to 
the extremities of its chord. 





[It will be shewn in Proposition 21, that all angles in the same 
segment of a circle are equal.] 


14. An angle at the circumference 
of a circle is one formed by straight lines 
drawn from a point on the circumference 
to the extremities of an are: such an 
angle is said to stand upon the arc, which 
it subtends. 





15, Similar segments 
of circles are those which 
contain equal angles. 





16. A sector of a circle is a figure ; 
bounded by two radii and the arc inter- | 
cepted between them. : 


SYMBOLS AND ABBREVIATIONS. 


In addition to the symbols and abbreviations given on 
page 10, we shall use the following. 


© for circle, O° for circumference. 
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Proposition |. ProBuem, 
V'o find the centre of a given circle. 
C 


E B 
Let ABC be a given circle: 
it is required to find its centre. 
In the given circle draw any chord AB, 
and bisect AB at D. 1. 10. 
From 0 draw DC at right angles to AB; 1. 11. 
and produce DC to meet the O° at E and C. 
Bisect EC at F. 1 10. 
Then shall F be the centre of the © ABC, 
First, the centre of the circle must be in EC: 
for if not, let the centre be at a point G without EC. 
Join AG, DG, BG. 
Then in the A* GDA, GDB, 


DA -: DB, Constr. 
Because and GD is common ; 
and GA = GB, for by supposition they are radii; 
.. the 4 GDA:. the 2 GDB; 1. 8, - 
.. these angles, being adjacent, are rt. angles. 
But the 2 CDB is a rt. angle ; Constr. 
.. the 4 GDB- the 2 CDB, Aw. 11. 


the part equal to the whole, which is Impossible, 
..G is not the centre. 
So it may be shewn that no point outside EC is the centre ; 
, the centre hes in EC. 
'. F, the iniddle point of the diameter EC, must be the 
centre of the © ABC. Q.E.F. 
Corotuary. The straight line which bisects a chord of 
a circle at right angles passes through the centre. 
[For Exercises, see page 156.] 
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Proposition 2, THEOREM. 


ptt If any two points are taken in the circumference of a 
circle, the chord which joins them falls within the circle. 





Let ABC he a circle, and A and B any two points on 
its O": 
then shal] the chord AB fa]] within the circle. 
Find D, the centre of the © ABC; wu. 1, 
and in AB take any point E. 
Join DA, DE, DB. 


In the A DAB, because DA — DB, un, Def. 1. 
.. the 2 DAB=the z DBA. 1. 5. 

But the ext. 2 DEB is greater than the int. opp. £2 DAE; 
1, 16. 


.. also the ~ DEB 1s greater than the 2 DBE; 


.. in the A DEB, the side DB, which is opposite the greater 
angle, is greater than DE which is opposite the less: 1. 19. 


that is to say, DE is less than a radius of the circle ; 
.. & falls within the circle. 


So also any other point between A and B may be shewn 
to fall within the circle. a 
.. AB falls within the circle. > § 4 Q. E. D. 


Derinition. <A part of a curved line is said to be concave to a 
point when, avy chord being taken in it, all straight lines drawn 
from the given point to the intercepted arc are cut by the chord: if, 
when any chord is taken, no straight line drawn from the given point 
to the intercepted arc is cut by the chord, the curve is said to be 
convex to that point. 


Proposition 2 proves that the whole circumference of a circle 
is concave to its centre. 


1 
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Proposition 3. THEOREM. 

If a straight line drawn through the centre of a circle 
bisects a chord which does not pass through the centre, it shall 
cut uw at right angles : 
and, conversely, of tt cut it at right angles, it shall bisect at. 


B 
D 


C 


Let ABC be a circle; and let CD be a st. line drawn 
through the centre, and AB a chord which does not pass 
through the centre. 


First. Let CD bisect AB at F: 
then shall CD cut AB at rt. angles. 
Find E, the centre of the circle ; unt. L. 


and join EA, EB. 
Then in the A* AFE, BFE, 
AF = BF, Hyp. 
Because and FE is common ; 
and AE = BE, being radii of the circle ; 


.. the 2 AFE= the 2 BFE; 18 
these angles, being adjacent, are rt. angles, 
that is, DC cuts AB at rt. angles. Q. B.D. 


Conversely. Let CD cut AB at rt. angles: 
then shall CD bisect AB at F. 
As before, tind E the centre; and join EA, EB. 


In the A EAB, because EA = EB, ni. Def. 1. 
.. the 2 EAB = the z EBA. 1. 5. 
Then in the A* EFA, EFB, 
the 4 EAF=the 2 EBF, Proved, 
Because {and the . EFA=the 2 EFB, being rt. angles; Hyp. 
and EF is common; 
.. AF = BF. +e 1. 26. 
Q.E.D 


(For Exercises, see page 156.] 
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EXERCISES. 
on Proposition 1. 


1. If two circles intersect at the points A, B, shew that the line 
whieh joins their centres bisects their common chord AB at right 
angles. . 


2. AB, AC are two equal chords of a circle; shew that the 
straight line which bisects the angle BAC passes through the centre. 


3a Two chords of a circle are given in position and magnitude: 
Jind the centre of the circle. 


4, Describe a circle that shall pass | Birough three given points, 
which are not in the same straight line. 


5. Find the locus of the centres of circles which pass through two 
given points. 


144% 6. Describe a circle that shall pass through two given points, 
and have a given radius. x 


oN Provostrion 2. 


VAN straight line cannot cut a circle in more than two points, Aa 


on Proposition 3. 


A 8. Through a given point within a circle draw a chord which 
shall be bisected at that point. 


9.4 The parts of a straight line intercepted between the circum- 
ferences of two concentric circles are equal. 


~ 10.X The line joining the middle points of two parallel chords of a 
circle passes through the centre. x 


11. Find the locus of the middle points of a system of parallel 
chords drawn in a circle. 


% 12. If two circles cut one another, any two parallel straight lines 
drawn through the points of intersection to cut the circles, are equal.y 


19K" PQ and XY are two parallel chords in a circle: shew that 
the points of intersection of PX, QY, and of PY, QX, lie on the 
straight line which passes through the middle points of the given 


chords. re 4 ; 
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Proposition 4. ‘THEOREM. 


Lf in a ewrele two chords cut one another, which do not 
both pass through the centre, they cannot both be bisected at 
their point of intersection. 


Cc 


Let ABCD be a circle, and AC, BD two chords which 
intersect at E, but do not both pass through the centre: 
then AC and BD shall not he both bisected at E. 


Case I. If one chord passes through the centre, it is 
a diameter, and the centre is its middle point; 
“. it cannot be bisected by the other chord, which by hypo- 
thesis does not pass through the centre. 


Cask II. If neither chord passes through the centre; 
then, if possible, let E be the middle point of both ; 
that is, let AE= EC; and BE=ED. 
Find F, the centre of the circle: ut. |, 
Join EF. 


Then, because FE, which passes through the centre, 


bisects the chord AC, LTyp. 
., the - FEC is a rt. angle. Ill, 3. 

And because FE, which passes through the centre, bi- 
sects the chord BD, Hyp. 


.. the 4 FED is a rt. angle. 
., the 2 FEC = the z FED, 


the whole equal to its part, which is impossible. 
.. AC and BD are not both bisected at E. Q. FE. D. 
[For Exercises, see page 158.] 


Wr, OF, 
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Proposition 5. THEOREM. 


If two circles cut one another, they cannot have the same 
centre. 





Let the two ©* AGC, BFC cut one another at C: 
then they shall not have the same centre. 
For, if possible, let the two circles have the same centre; 
and let it be called E. 
Join EC; 
and from E draw any st. line to meet the O° at F and G. 
Then, because E is the centre of the ©@AGC, Hyp. 


.. EG=EC. 

And because E is also the centre of the OBFC, Hyp. 
. EF=EC, 
. EG= EF, 


the whole equal to its part, which is impossible. 


.. the two circles have not the same centre. 
Q. E.D. 


EXERCISES. 
ON PROPOSITION 4. 


1. Ifa parallelogram can be inscribed in a circle, the point of 
intersection of its diagonals must be at the centre of the circle. 


2. Rectangles are the only parallelograms that can be insoribed 
in a circle, 


on Proposition 5. 


8. Two circles, which intersect at one point, must also intersect 
at another. 
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Proposition 6. THEOREM. 


W If two circles touch one another internally, they cannot 
have the same centre. 


Cys 


Let the two ©* ABC, DEC touch one another internally 
at C: 
then they shall not have the same centre. 


For, if possible, let the two circles have the same centre ; 
and let it be called F. 


Join FC; 
and from F draw any st. line to meet the O° at E and B. 


Then, because F is the centre of the ©ABC, yp, 


.. FB=FC, 

And because F is the centre of the @DEC, //yp, 
.. FE=FC. 
.. FB=FE; 


the whole equal to its part, which is impossible, 


LY 


.”. the two circles have not the same centre. Q.E.D. 


Notz. From Propositions 5 and 6 it is seen that circles, whose 
circumferences have any point in common, cannot be concentric, 
unless they coincide entirely. 


Conversely, the circumferences of concentric circles can have no 
point in common, 


11-2 
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lod 


Proposition 7. THEOREM. 


Lf from any point within a circle whach is not the centre, 
straight lines are drawn to the circumference, the greatest is 
that which passes through the centre ; and the least is that 
which, when produced backwards, passes through the centre : 

and of all other such lines, that which is nearer to the 
greatest is always greater than one more remote - 

also two equal straight lines, and only two, can be drawn 
from the given point to the circun ference, one on each side 
of the diameter. 





Let ABCD be a circle, within which any point F is taken, 
which is not the centre: let FA, FB, FC, FG be drawn to 
the O°, of which FA passes through E the centre, and FB is 
nearer than FC to FA, and FC nearer than FG: and let 
FD be the line which, when produced backwards, passes 
through the centre: then of all these st. lines 


(i) FA shall be the greatest; 
(11) FD shall be the least; 
(iii) FB shall be greater than FC, and FC greater 
than FG; 


(iv) also two, and only two, equal st. lines can be 
drawn from F to the O°. 


Join EB, EC, EG. 

(i) Then in the A FEB, the two sides FE, EB are together 
greater than the third side FB. 1. 20. 
But EB= EA, being radii of the circle; 

.. FE, EA are together greater than FB; 
that is, FA is greater than FB. 
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Similarly FA may be shewn to be greater than any other 
st. line drawn from F to the O°; 


.. FA is the greatest of all such lines. 


(ii) In the AEFG, the two sides EF, FG are together 
greater than EG; 1. 20, 
and EG =ED, being radii of the circle; 

.. EF, FG are together greater than ED. 
Take away the common part EF: 
then FG is greater than FD. 
Similarly any other st. line drawn from F to the O* 
may be shewn to be greater than FD. 


.. FD is the least of all such lines. 


(111) In the A® BEF, CEF, 
BE = CE, Wd. Deft 1. 
Because and EF is common; 
but the 2 BEF is greater than the 4 CEF; 
.. FB is greater than FC. 1. 24, 


Similarly it may be shewn that FC is greater than FG. 
(iv) At Ein FE make the + FEH equal to the 2 FEG. 


I. 20. 

Joi FH. 

‘Then in the 4* GEF, HEF, 
GE = HE, ui. Def. 1. 
Because 4 and EF is common; 

also the 2 GEF = the HEF; Constr. 
.. FG = FH. I. 4, 
And besides FH no other straight line can be drawn 


from F to the O equal to FG. 
For, if possible, let FK =- FG. 


Then, because FH = FG, Proved. 

“. FK = FH, 
that is, a line nearer to FA, the greatest, is equal to a line 
which is more remote; which is impossible. Proved. 


.. two, and only two, equa: st. lines can be drawn from 
F to the O°. Q.E. D. 
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} Proposition 8. THEOREM. 


Tf from any pont without a circle strarght lines are drawn 
to the circumference, of those which fall on the concave cir- 
cumference, the greatest is that which passes through the 
centre; and of others, that which is nearer to the greatest 
4s always greater than one more remote : 

Further, of those which fall on the convex circumference, 
the least 1s that which, when produced, passes through the 
centre; and of others that which 1s nearer to the least is 
always less than one more remote: 

lasily, from the given point there can be drawn to the 
circumference two, and only two, equal straight lunes, one on 
each side of the shortest line. 





Let BGD be a circle of which C is the centre; and let 
A be any point outside the circle: let ABD, AEH, AFG, be 
st. lines drawn from A, of which AD passes through C, the 
centre, and AH is nearer than AG to AD: 

then of st. lines drawn from A to the concave O°, 

(i) AD shall be the greatest, and (ii) AH greater than 
AG: 
and of st. lines drawn from A to the convex O°, 
(ili) AB shall be the least, and (iv) AE less than AF. 
(v) Also two, and only two, equal st. lines can be 
drawn from A to the 0“. 

Join CH, CG, CF, CE. 

(i) Then in the A ACH, the two sides AC, CH are 
together greater than AH: 1. 20. 
but CH =CD, being radii of the circle; 

.. AC, CD are together greater than AH: 
that is, AD is greater than AH. 
Similarly AD may be shewn to be greater than any other 
st. line drawn from A to the concave O°; . 
° AN is the erestoct, of -]] ench liner 
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(ii) In the A® HCA, GCA, 

HC = GC, ui. Def. 1. 

Because and CA is common; 

but the 2 HCA is greater than the 2 GCA; 

.. AH is greater than AG. 1, 24, 
(iii) In the A AEC, the two sides AE, EC are together 
greater than AC; 1, 20. 
but EC= BO; ui, Def. 1. 


.. the remainder AE is greater than the remainder AB. 
Similarly any other st. line drawn from A to the convex 
O° may be shewn to be greater than AB; 
.". AB is the least of all such lines. 


(iv) In the A AFC, because AE, EC are drawn from tlie 
extremities of the base to a point E within the triangle, 

.. AF, FC are together greater than AE, EC. 1, 21. 

But FC = EC, ur. Def. 1. 


.. the remainder AF is greater than the remainder AE, 


(v) At GC, in AC, make the 2 ACM equal to the 2 ACE. 
Join AM. 
Then in the two A® ECA, MCA, 
EC = MC, i. Def. 1, 
Because and CA is common ; 
- the 2 ECA=the 2 MCA; Constr. 
“AE = AM; 1. 4, 
aud besides AM, no st, line can be drawn from A to the 
©°, equal to AE. 
For, if possible, let AK = AE: 


then because AM = AE, Proved. 

: AM AK; ; 
that is, a line nearer to the shortest line is equal to a 
line which is more remote ; which is impossible. Proved. 


.. two, and oenly two, equal st. lines can be drawn from 
A to the 0%. ~ Q.E.D. 


Where are the limits of that part of the circumference which is 
concave to the point A? 
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Obs. Of the following proposition Euclid gave two distinct proofs, 
the first of which has the advantage of being direct. 


Proposition 9. THrorem. [First Proor.] 


wv If from a point within a circle more thun two equal 
straight lines can be drawn to the circumference, that pornt 
is the ceutre of the circle. 





Let ABC be a circle, and D a point within it, from which 
nore than two equal st. lines are drawn to the O%, namely 
DA, DB, DC: 

then D shall be the centre of the circle. 


Join AB, BC: 
and bisect AB, BC at E and F respectively. 1. 10. 
Join DE, DF. 


Then in the A® DEA, DEB, 


EA — EB, Constr. 

Because ¢ and DE is common; 
and DA = DB; Hyp. 
.. the £ DEA=the 2 DEB; 1. 8. 


.. these angles, being adjacent, are rt. angles. 
Hence ED, which bisects the chord AB at rt. angles, must 
pass through the centre. ul 1. Cor. 
Similarly it may be shewn that FD passes through the 
centre. 
.. D, which is the only point common to ED and FD, 
must be the centre. 0.E.D. 
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Proposition 9. THrorEM. [Srconp Proor. | 


Tf from a point within a circle more than two equal 
straight lines can be drawn tu the circumference, that point 
is the centre of the circle. 


G 


As 


B 


Let ABC be a circle, and D a point within it, from which 
more than two cqual st. lines are drawn to the ©, namely 
DA, DB, DC: 

then D shall be the centre of the circle. 


For, if not, suppose E to be the centre. 
Join DE, and produce it to meet the O° at F, G. 


Then because D is a point within the circle, not the 
centre, and because DF passes through the centre E ; 

.. DA, which is nearer to DF, 1s greater than DB, which 
is more remote : i. 7. 

but this is unpossible, since by hypothesis, DA, DB, are 
equal. 

", Ejs not the centre of the circle. 

*And wherever we suppose the centre E to be, other- 
wise than at D, two at least of the st. lines DA, DB, DC 
may be shewn to be uncqual, which is contrary to hypo- 
thesis. 


“. Dis the centre of the © ABC. y 
MN, KD. 


* Nore, For example, if the centre E were supposed to be within 
the angle BDC, then DB would be greater than DA; if within the 
angle ADB, then DB would be greater than DC; if on one of the three 
straight lincs, as DB, then DB would be greater than buth DA and DC. 
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- nn Two proofs of Proposition 10, both indirect, were given by 
uclid. 


Proposition 10. THEorEeM. [First Proor.] 


One circle cannot cut another at more than two points. 


& ™ 


H 
G 


If possible, let DABC, EABC be two circles, cutting one 
another at more than two points, namely at A, B, C. 


Join AB, BC. 
Draw FH, bisecting AB at rt. angles ; 1, 10, 11. 
and draw GH bisecting BC at rt. angles. 
Then because AB is a chord of both circles, and FH 
bisects it at rt. angles, 
", the centre of both circles lies in FH. 111.1. Cor. 
Again, because BC is a chord of both circles, and GH 
bisects it at right angles, 
’, the centre of both circles lies in GH. 111. 1.Cor. 
Hence H, the only point common to FH and GH, is the 
centre of both circles ; 
which is impossible, for circles which cut one another 


cannot have a common centre. m1. 5. 
*, one circle cannot cut another at more than two points. 
Q.E.D. 


CoROLLARIES. (i) Two circles cannot meet in three 
points without coinciding entrrely. 

(ii) Two circles cannot have a common are without 
coinciding entirely. 

(iii) Only one circle can be described through tivree 
points, which are not in the same straight line. 
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Proposition 10. THEorrM. [Sxconp Proor.] 


One circle cannot cut another at more than two points. 
D 


If possible, let DABC, EABC be two circles, cutting one 
another at more than two points, namely at A, B, C. 


Find H, the centre of the © DABC, ut 1. 
and join HA, HB, HC. 
Then since H is the centre of the © DABC, 
.. HA, HB, HC are all equal. wi. Def. 1. 


And because H is a point within the © EABC, froin 
which more than two equal st. lines, namely HA, HB, HC 
are drawn to the O°, 

.. H is the centre of the © EABC: ur. 9. 
that is to say, the two circles have a common centre H ; 
but this is impossible, since they cut one another. 111. 5. 


Therefore one circle cannot cut another in more than 
two points. 3 ae QED. 


Nore. This proof is imperfect, because it assumes that the centre 
of the circle DABC must fall within the circle EABC; whereas it 
may be conceived to fall either without the circle EABC, or on its 
sircumference. Hence to make the proof complete, two additional 
sases are required. 
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Proposition 11. THEOREM. 


is If two circles touch one another internally, the straight 
line which gowns their centres, being produced, shall pass 
through the point of contact. 





Let ABC and ADE be two circles which touch one 
another internally at A; let F be the centre of the © ABC, 
and G the centre of the © ADE: 

then shall FG produced pass through A. 


If not, let it pass otherwise, as FGEH. 
Join FA, GA. 


Then in the 4 FGA, the two sides FG, GA are together 
greater than FA: 1, 20. 
but FA = FH, being radii of the © ABC: Hyp. 
’, FG, GA are together greater than FH. 
Take away the common part FG ; 
then GA is greater than GH. 
But GA = GE, being radii of the © ADE: Hyp 
.. GE 1s greater than GH, 
the part greater than the whole; which is impossible. 
‘, FG, when produced, must pass through A. 


EXERCISES, be 

1. If the distance between the centres of two circles is equal to 

the difference of their radii, then the circles must meet in one point, 
but in no other; that is, they must touch one another. 


If two circles whose centres are A and B touch one another 
internally, and a straight line be drawn through their point of contact, 
cutting the circumferences at P and Q; shew that the radii AP and BQ 
are parallel, 
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Proposition 12. THEOREM. 


If two circles touch one another externally, the straight 
line which joins their centres shall pase through the point of 
contact, 





Let ABC and ADE be two circles which touch one 
another externally at A; let F be the centre of the © ABC, 
and G the centre of the © ADE: 

then shall FG pass through A. 


If not, let FG pass otherwise, as FHKG. 
Join FA, GA. 


Then in the A FAG, the two sides FA, GA are together 
greater than FG: 1, 20. 
but FA= FH, being radii of the © ABC; Hyp. 

and GA = GK, being radii of the © ADE; Hyp. 

.. FH and GK are together greater than FG; 
which is impossible. 
.. FG must pass through A. 
—s sae 


FXERCISES. 


1. Find the locus of the centres of all circles which touch a given 
circle at a given point. 


2. Find the locus of the centres of all circles of given radius, which 
touch a given circle. 


3. If the distance between the centres of two circles is equal to 
the sum of their radii, then the circles meet in one point, but in no 
other; that is, they touch one another. 

4, If two circles whose centres are A and B touch one another 
externally, and a straight line be drawn through their point of contact 
cutting the circumferences at P and Q; shew that the radii AP and BQ 
are parallel. 
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Proposition 13. THEOREM. 


q Two circles cannot touch one another at more than one 
pont, whether internally or externally. 


Fig. 1 Fig. 2 





If possible, let ABC, EDF be two circles which touch one 
another at more than one point, namely at B and D. 


Join BD; 
and draw GF, bisecting BD at rt. angles, 1.10, 11. 


Then, whether the circles touch one another internally, 
as in Fig. 1, or externally as in Fig. 2, 
because B and D are on the O“* of both circles, 
.. BD is a chord of both circles : 
“, the centres of both circles lie in GF, which bisects BD 


at rt, angles, ur. 1, Cor. 
Hence GF which joins the centres must pass through 
a point of contact ; m1. 11, and 12, 


which is impossible, since B and D are without GF. 


.. two circles cannot touch one another at more than 
one point. 
e Q.E.D. 


Nors. It must be observed that the proof here given applies, by 
virtue of Propositions 11 and 12, to both the above figures: we have 
therefore omitted the separate discussion of Fig. 2, which finds a place 
in most editions based on Simson’s text. 
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EXERCISES ON PROPOSITIONS 1—13. 


1. Describe a circle to pass through two given points and have 
its centre on a given straight line. When is this impossible? 


2. All circles which pass through a fixed point, and have their 
centres on a given straight line, pass also through a second fixed 
point, 


3. Describe a circle of given radius to touch a given circle at a 
given point. How many solutions will there be? When will there 
be only one solution? 


4. From a given point as centre describe a circle to touch a given 
circle. How many solutions will there be? 


5. Describe a circle to pass through a given point, and touch a 
given circle at a given point. [See Ex. 1, p. 169 and Ex. 5, p. 156.] 
When is this impossible? 


6. Describe a circle of given radius to touch two given circles, 
[See Ex. 2, p. 169.] How many solutions will there be? 


7. Two parallel chords of a circle are six inches and eight inches 
in length respectively, and the perpendicular distance between them 
is one inch: find the radius. 


8, If two circles touch one another externally, the straight lines, 
which join the extremities of parallel diameters towards opposite 
parts, must pass through the point of contact, 


9. Find the greatest and least straight lines which have one 
extremity on each of two given circles, which do not intersect. 


10. Inany segment of a circle, of all straight lines drawn at right 
angles to the chord and intercepted between the chord and the are, 
the greatest is that which passes through the middle point of the 
chord; and of others that which is nearer the greatest is greater than 
one more remote. 


11. If from any point on the circumference of a circle straight 
lines be drawn to the circumference, the greatest is that which passes 
through the centre; and of others, that which is nearer to the greatest 
is greater than one more remote; and from this point there can be 
drawn to the circumference two, and only two, equal straight lines. 
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Proposition )4. THEOREM. 


Equal chords in a circle are equidistant from the centre: 
and, conversely, chords which are equidistant from the 
centre are equal. 


A 


D 


Let ABC be a circle, and let AB and CD be chords, 
of which the perp. distances from the centre are EF 
and EG. 

First, Let AB=CD: 

then shall AB and CD he equidistant from the centre E. 
Join EA, EC. 
Then, because EF, which passes through the centre, is 
perp. to the chord AB; Typ. 
.. EF bisects AB ; ll. 3. 
that is, AB 1s double of FA. 
For a similar reason, CD is double of GC. 
But AB-=CD, Hyp. 
.. FA= GC. 
Now EA= EC, being radii of the circle; 
.. the sq. on EA = the sq. on EC, 
But the sq. on EA = the sqq. on EF, FA; 
for the ~ EFA is a rt. angle. 1, 47. 
And the sq. on EC = the sqq. on EG, GC; 
for the - EGC is a rt. angle. 
.. the sqq. on EF, FA=the sqq. on EG, GC. 
Now of these, the sq. on FA=the sq. on GC; for FA=GC. 
.. the sq. on EF =the sq. on EG, 
. EF=EG; 
that is, the chords AB, CD are equidistant from the centre. 
Q.E.D. 
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Converse! h. Let AB and CD be equidistant from the 

centre E ; 
that is, let EF--EG: 
/ then shall AB CD. 

For, the same construction being made, it may he 
shewn as before that AB is double of FA, and CD double 
of GC; 

and that the sqq. on EF, FA= the sqq. on EG, GC. 
Now of these, the sq. on EF - the sq. on EG, 


for EF =EG: Typ. 
“. the sq. on FA=the square on GC ; 
.. FA=GC; 


and doubles of these equals are equal ; 


that 1s, AB = CD. yy H Q.E.D. 


EXERCISES, 


1. Find the locus of the middle points of equal chords of a eirele. 


2. If two chords of a circle cut one another, and make equal 
anyles with the straight line which joins their point of intersection 
to the centre, they are equal. 


3. If two equal chords of a circle intersect, shew that the segments 
of the one are equal respectively to the seqments of the other, 


4. In a given circle draw a chord which shall be equal to one 
given straight line (not greater than the diameter) and parallel to 
another. 


5. PQisa fixed chord in a circle, and AB is any diameter: shew 
that the sum or difference of the perpendiculars let fall from A and B 
on PQ is constant, that is, the same for all positions of AB. 


NH. BE. 12 
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Proposition 15. THEOREM. 


The diameter is the greatest chord in a circle ; 

and of others, that which 1s nearer to the centre 18 greater 
than one more remote: 

conversely, the greater chord is nearer to the centre than 
the less. 


a B 
Fe 


G 
D 


Let ABCD be a circle, of which AD is a diameter, and E 
the centre; and Jet BC and FG be any two chords, whose 
perp. distances from the centre are EH and EK: 
then (i) AD shall be greater than BC: 

(ii) if EH is less than EK, BC shall be greater than FG: 
(iii) if BC is greater than FG, EH shall be less than EK. 


(i) Join EB, EC. 
Then in the A BEC, the two sides BE, EC are together 
greater than BC; 1. 20. 
but BE = AE, i. Def. 1. 

and EC -- ED; 


.. AE and ED together are greater than BC ; 
that is, AD is greater than BC. 
Similarly AD may be shewn to be greater than any 
other chord, not a diameter. 


(il) Let EH be less than EK; 
then BC shall be greater than FG. 
Join EF. 
Since EH, passing through the centre, is perp. to the 
chord BC, 
.. EH bisects BC; Jun 3. 
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that is, BC is double of HB. 
For a similar reason FG is double of KF. 
Now EB= EF, mt Def, I. 
.. the sq. on EB = the sq. on EF. 


But the sq. on EB = the sqq. on EH, HB; 
for the 2 EHB is a rt. angle; 1, 47, 
also the sq. on EF =: the sqq. on EK, KF; 
for the 2 EKF is a rt. angle. 
., the sqq. on EH, HB=the sqq. on EK, KF. 
But the sq. on EH is less than the sq. on EK, 
for EH is less than EK; IT yp. 
.. the sq. on HB is greater than the sq. on KF ; 
.. HB is greater than KF: 
hence BC is greater than FG. 


(iii) Let BC be greater than FG ; 

then EH shall be less than EK. 
For since BC is greater than FG, Hyp. 

.. HB is greater than KF ; 

.. the sq. on HB is greater than the sq. on KF. 
But the sqq. on EH, HB= the sqq. on EK, KF: Proved. 
.. the sq. on EH is less than the sq. on EK ; 
is .. EH is less than EK. 

Q.E.D. 


P x 


.Y) 


EXERCISES, 


1. Through a given-point within a circle draw the least possible 
chord, 


2. AB isa fixed chord of a circle, and XY any other chord having 
its middle point Z on AB: what is the greatest, and what the least 
length that XY may have? 


Shew that XY increases, as Z approaches the middle point of AB. 


8. In a given circle draw a chord of given length, having its 
middle point on a given chord. 


When is this problem impossible? 
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Obs, Of the following proofs of Proposition 16, the second (by 
reductio ad absurdum) is that given by Euclid; but the first ia to he 
preferred, as it is direct, and not less simple than the other. 


Proposition 16. THroreM. | ALTERNATIVE Proor. | 


The straight line drawn at right angles to a diameter of 
a circle at one of tts extremities is a tangent to the circle: 

and every other straight line drawn through this point 
cuts the circle. 





Cc G B D 


Let AKB be a circle, of which E is the centre, and AB 
a diameter; and through B let the st. line CBD be drawn 
at rt. angles to AB: 
then (i) CBD shall be a tangent to the circle; 
(ii) any other st. line through B, as BF, shall cut 
the circle. 


(i) In CD take any point G, and join EG. 
Then, in the AEBG, the 2 EBG isart. angle; J/yp. 


.. the 2 EGB is less than a rt. angle; 1.17, 
.. the 4 EBG is greater than the 2 EGB; 
.. EG is greater than EB: 1. 19. 


that is, EG is greater than a radius of the circle; 
.. the point G is without the circle. 
Similarly any other point in CD, except B, may be shewn 
to be outside the circle: 
hence CD meets the circle at B, but being produced, 
does not cut it; 
that is, CD is a tangent to the circle. m1. Def. 10. 
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(ii) Draw EH perp. to BF. 1.124 
Then in the A EHB, because the ~ EHB is a rt. angle, 
.. the 2 EBH is less than a rt. angle; 1.17, 
.. EB 1s greater than EH; 13-19; 
that is, EH is less than a radius of the circle: 
“. H, a point in BF, is within the circle; 


.. BF must cut the circle. Q. E. D. 


Proposition 16. ‘THEOREM. [ Euc.ip’s ProorF. | 


The straight line drawn at right angles to a diameter of 
a circle at one of tts extremities, is a tangent to the circle: 
and no other straight line can be drawn through this 


point so as not to cut the circle. 





Let ABC be a circle, of which D is the centre, and AB 
a diameter; Jet AE be drawn at rt. angles to BA, at its 
extremity A: 
(i) then shall AE be a tangent to the circle. 
For, if not, let AE cut the circle at C. 
Join DC. 
Then in the 4 DAC, because DA = DC, 
“. the . DAC = the 2 DCA. 
But the 2 DAC is a rt. angle; 
.. the 2 DCA 1s a rt. angle; 
that is, two angles of the A DAC are together equal to two 


rt. angles; which is impossible. 1, 17. 
Hence AE meets the circle at A, but being produced, 


ut, Def. 1, 
ILyp, 


does not cut it; 
that is, AE is a tangent to the circle. 11, Def. 10. 
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(ii) Also through A no other straight line but AE can 
be drawn so as not to cut the circle. 


a E 


EY 


For, if possible, let AF be another st. line drawn through 
A so as not to cut the circle. 
From D draw DG perp. to AF; 1, 12. 
and let DG meet the O° at H. 


Then in the A DAG, because the 2 DGA is a rt. angle, 


A 


.. the 2 DAG is less than a rt. angle; tlt 
.. DA is greater than DG. 1. 19. 
But DA = DH, un. Def. 1. 


.. DH is greater than DG, 
the part greater than the whole, which is impossible. 
no st. line can be drawn from the point A, so as not to 
cut the circle, except AE. 


CoroLiaRixs. (i) A tangent touches a circle at one 
point only. 

(ii) There can be but one tangent to a circle at a gwen 
pom. 
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Proposition 17. Prope. 


1'o draw a tangent to a circle from a yiven point either 
on, or without the circumference, 


Fig. 1 
—~ A 
C 
xk 
B D 





Let BCD be the given circle, and A the given point: 
it is required to draw from A a tangent to the © CDB. 


Case I. If the given point A is on the O°. 


Find E, the centre of the circle. Wi 1. 
Join EA. 
At A draw AK at rt. angles to EA. 1. 11. 
Then AK being perp. to a diameter at one of its extremities, 
is a tangent to the circle. ur. 16. 


CasE IT. Ifthe given point A is without the 1)“. 


Find E£, the centre of the circle; 111.1, 
and join AE, cutting the © BCD at D. 

From centre E, with radius EA, describe the ©AFG. 
At D, draw GDF at rt. angles to EA, cutting the (AFG at 
F and G. 1 11, 

Join EF, EG, cutting the © BCD at B and C. 
Join AB, AC. 
Then both AB and AC shall be tangents to the © CDB. 
For in the A* AEB, FED, 

AE=FE, being radii of the © GAF; 
Because jana EB = ED, being radii of the © BDC; 
and the included angle AEF is common; 

.. the 2 ABE = the 2 FDE. 1. 4, 
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But the 2 FDE is a rt. angle, Constr. 

.. the 2 ABE is art. angle; 
hence AB, being drawn at rt. angles to a diameter at one 
of its extremities, is a tangent to the © BCD. 1. 16. 
Similarly it may be shewn that AC is a tangent. Q.ELF. 


Coro.Luary. Jf two tangents are drawn to a circle from 
an external point, then (i) they are equal ; (ii) they subtend 
equal angles at the centre: (111) they make equal angles with 
the straight line which joins the given point to the centre. 


For, in the above figure, 
Since ED is perp. to FG, a chord of the | FAG, 
..DF = DG. Wi. 3, 
Then in the A*® DEF, DEG, 
DE is common to hoth, 


Because - and EF = EG; Wi. Def. 1. 
| aud DF = DG ; Proved. 
.. the 4 DEF= the 2 DEG. 1, 8. 


Again in the *.* AEB, AEC, 
(Ae is common to both, 
Because and EB = EC, 
{ind the — AEB the — AEC; Proved. 
.. AB-- AC: I. 4. 
and the + EAB=the _ EAC. Q.E.D. 

Nore. If the given point A is within the circle, uo solution is 
possible. 

Hence we see that this problem admits of two suolutions, one solu- 
tion, or 20 solution, according as the given point A is without, on, or 
within the circumference of a circle. 

For a simpler method of drawing a tangent toa circle from a given 
point, see page 202. ‘ 
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Proposition 18. THEOREM. 


The straight line drawn from the centre of a circle to the 
point of contact of a tangent is perpendicular to the tangent. 


A 
F 
B 
D Cc .6UGGC CE 


Let ABC be a circle, of Which F is the centre; 
and let the st. line DE touch the circle at C: 
then shall FC be perp. to DE. 
lor, if not, suppose FG to be perp. to DE, eal ee 
and let it meet the Oat B. 
Then in the A FCG, because the 2 FGC is art. angle, Z/ yp. 


.. the — FCG is less than a rt. angle: 1. 17. 
., the + FGC is greater than the 4 FCG ; 
.. FC is greater than FG: r 19. 


but FC = FB; 
.. FB is greater than FG, 
the part greater than the whole, which 1s impossible. 
“. FC cannot be otherwise than perp. to DE: 
that is, FC is perp. to DE. Q. KD. 


EXERCISES. 


1. Diaw a tangent to a circle (1) parallel to, (0) al right angzles to 
& given straight line. 

2. Tangents drawn to a circle from the extremities of a diameter 
are parallel, 

3. Circles which touch one another internally or evternally have a 
common tangent at their point of contact. 

4. In two concentric circles any chord of the vuter cirele which 
touches the inner, ts bisected at the point of contact. 

5. In two concentric circles, all chords of the outer cirele which 
touch the inner, are equal, 
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Proposition 19. THEOREM. 


XL Lhe straight line drawn perpendicular to a tangent to a 
circle from the point of contact passes through the centre. 


A 








D C c 
Jet ABC bea circle, and DE a tangent to it at the point C ; 
and let CA be drawn perp. to DE: 
then shall CA pass through the centre. 
For if not, suppose the centre to be outside CA, as at F. 
Join OF. 
Then because DE is a tangent to the circle, and FC 
is drawn from the centre F to the point of contact, 


“. the 2 FCE is a rt. angle. Wi. 18. 
But the . ACE is a rt. angle ; Hyp. 


.. the _FCE . the _ ACE; 
the part equal to the whole, which is unpossible. 


.. the centre cannot be otherwise than in CA; 
that is, CA passes through the centre, ri 
Ay.E.D. 


EXERCISES ON THE TANGENT. 


Propositions 16, 17, 18, 19. 


1. The centre of any circle which touches two intersecting straight 
lines must lie on the bisector of the angle between them. 

2. AB and AC are two tangents to a circlo whose centre is O; 
shew that AO bisects the chord of contact BC at right angles. 
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8. If two circles are concentric all tangents drawn from points on 
the circumference of the outer to the inner circle are equal. 

4, The diameter of a circle bisects all chords which are parallel 
to the tangent at either extremity. 

5. Find the locus of the centres of all circles which touch a given 
straight line at a given point. 

6. Find the locus of the centres of all circles which touch each 


of two parallel straight lines, 


7. Find the locus of the centres of all circles which touch each of 
two intersecting straight lines of unlimited length. 


8. Describe a circle of given radius to touch two given straight 
lines. 


9. Through a given point, within or without a circle, draw a 
chord equal to a given straight line. 

In order that the problem may be possible, between what limits 
must the given line lie, when the given point is (i) without the circle, 
(ii) within it? 

10. Two parallel tangents to a circle intercept on any third tan- 
gent a segment which subtends a right angle at the centre. 

11. Inany quadrilateral circumscribed about a circle, the sum of 
one pair of opposite sides is equal to the sum of the other pair. 

12. Any parallelogram which can be circumscribed about a circle, 
must be equilateral. 

13. If a quadrilateral be described about a circle, the angles sub- 
tended at the centre by any two opposite sides are together equal to 
two right angles. 

14. AB is any chord of a circle, AC the diameter through A, and 
AD the perpendicular on the tangent at B: shew that AB bisects the 
angle DAC. 

15. Find the locus of the extremities of tangents of fixed length 
drawn to a given circle. 

16, In the diameter of a circle produced, determine a point such 
that the tangent drawn from it shall be of given length. 

17. In the diameter of 2 circle produced, determine a point such 
that the two tangents drawn from it may contain a given angle. 

18. Describe a circle that shall pass through a given point, and 
touch a given straight line at a given point. (See page 183. Ex. 5.] 

19. Describe a circle of given radius, having its centre on a given 
straight line, and touching another given straight line. 

20. Describe a circle that shall have a given radius, and touch a 
given circle and a given straight line. How many such circles can 
be drawn ? 
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Proposition 20. THEOREM. 


4 The angle at the centre of a circle is double of an angle 
at the circumference, standing on the same are. 


Fig. 1 Fig. 2 
A 


F 


Let ABC be a circle, of which E is the centre; and let 
BEC be an angle at the centre, and BAC an angle at the O", 
standing on the same are BC: 

then shall the — BEC be double of the 2 BAC. 


Join AE, aud produce it to F. 


Casé 1.) When the centre E is within the angle BAC. 
Then in the . EAB, because EA = EB, 
.. the 2. EAB: the 2 EBA; 1. 5. 
.. the sum of the .* EAB, EBA - twice the 2 EAB. 
But the ext. . BEF == the sum of the 2 *® EAB, EBA; 1. 32. 
.. the — BEF = twice the 2 EAB. 
Similarly the . FEC-.twice the — EAC. 
.. the sum of the _> BEF, FEC — twice the sum of 


the 2% EAB, EAC; 
that is, the 2 BEC - twice the 2 BAC. 


Cask Ji. When the centre E is without the — BAC. 


As before, it may be shewn that the FEB = twice the 2 FAB; 


also the — FEC = twice the 2 FAC; 
.. the difference of the 1° FEC, FEB -- twice the difference 
of the 2° FAC, FAB: 


that is, the 2 BEC — twice the = BAC. 
Q. E.D, 
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Norr. If the are BFC, on which the angles 
atand, is greater than a semi-circumference, it 5 C 
is clear that the angle BEC at the centre will be 
reflex: but it may still be shewn as, in Case I., 
that the reflex . BEC is double of the 2 BAC 
at the C°, standing on the same are BFC. 


Proposition 21. TrHroremM. 


Angles in the same segment of « circle are equal. 





Let ABCD be a circle, and Jet BAD, BED be angles in 
the same segment BAED: 
then shall the - BAD = the / BED. 


Find F, the centre of the circle. WI. i. 


CasE I. When the segment BAED is greater than a 
semicircle, 
Join BF, DF. 


Then the 2 BFD at the centre = twice the 2 BAD at the 
©, standing on the same are BD: ir. 20, 
and similarly the 2 BFD = twice the ~ BED. it. 20. 

.. the 2 BAD =the 2 BED. 


Case II. When the segment BAED is not greater than 
a semicircle, 
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Join AF, and produce it to meet the O° at C. 
Join EC. 


Then since AEDC is a semicircle; 
.. the segment BAEC is greater than a semicircle: 
.. the . BAC =the Z BEC, in this segment. Case 1. 


Similarly the segment CAED is greater than a semicircle; 
.. the 4 CAD =the 2 CED, in this segment. 


., the sum of the 2* BAC, CAD =the sum of the 2* BEC, 
CED: 
that is, the 2 BAD = the 2 BED. Q.E.D. 


XK 


EXERCISES. 


1. P is any point on the are of a segment of which AB is the 
chord. Sbew that the sum of the angles PAB, PBA is constant. 


2. PQ and RS are two chords of a circle intersecting at X: prove 
that the triangles PXS, RXQ are equiangular. 


8. Two circles intersect at A and B; and through A any straight 
line PAQ is drawn terminated by the circumferences: shew that PQ 
subtends a constant angle at B. 


4. Two circles intersect at A and B; and through A any two 
straight lines PAQ, XAY are drawn terminated by the circumferences : 
shew that the arcs PX, QY subtend equal angles at B. 

6. P is any point on the arc of a segment whose chord is AB: and 
the angles PAB, PBA are bisected by straight lines which intersect at 
O. Find the locus of the point O. 
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Nore. If the extension of Proposition 20, given in the note on 


page 185, is adopted, a separate treatment of A 

the second case of the present- proposition is SSE 

unnecessary. [nw 
For, as in Case I., B D 


the reflex 4 BFD=twice the 2 BAD; n1.20. 
also the reflex 4 BFD= twice the 2 BED; 
.. the 2 BAD=the 2 BED. 


The converse of Proposition 21 is very important. For the con- 
struction used in its proof, viz. Zo deseribe a circle about a given 
triangle, the student is referred to Book ry. Proposition 5. [Or see 
Theorems and Examples on Book 1. Page 103, No. 1.] 


CONVERSE OF ProposiTion 21, 


Equal angles standing on the same base, and on the same side of 
it, have their vertices on an are of a circle, of which the given base 
is the chord. 


T.ct BAC, BDC be two equal angles standing D 
an the same base BC: A E 
then shall the vertices A and D lie upon a 
segment of ‘e Wrcle having BC as its chord. 


Describe a circle about the ABAC: 1v.5. 
then this circle shall pass through D. 


For, if not, it must cut BD, or BD produced, pg C 
at some other point E. 
Join EC. 


Then the 4 BAC=the Zz BEC, in the same segment: 111.21. 
but the 4 BAC=the z BDC, by hypothesis; 
.. the 2BEC=the z BDC; 
that is, an ext. angle of a triangle an int. opp. ungle; 
which is impossible. 1.16, 
.. the circle which passes through B, A, C, cannot puss otherwise 
than through D. 

That is, the vertices A and D are on an are of a circle of which 

the chord is BC. Q. E.D. 


The following corollary is important. 

All triangles drawn on the same base, and with equal vertical angles, 
have their vertices on an are of a circle, of which the given base ia the 
chord. 

Or, The locus of the vertices of triangles drawn on the same base 
with equal vertical angles is an arc of a circle. 
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Provosir1on 22. THEOREM. 


The opposite angles of any quadrilateral tuscribed in a 
circle are together equal to two right angles. 





Let ABCD he a quadrilateral inscribed in the © ABC; 
then shill, (i) the .* ADC, ABC together = two rt. angles ; 
(ii) the + * BAD, BCD together = two rt. angles. 


Join AC, BD. 


Then the 2 ADB - the 2 ACB, in the segment ADCB; 111, 21. 
nlso the .CDB the 2 CAB, in the segment CDAB. 


.. the 2 ADC =the sum of the ~* ACB, CAB. 
To each of these equals add the 2 ABC: 
then the two —* ADC, ABC together = the three 2° ACB, 
CAB, ABC. 


But the 2* ACB, CAB, ABC, being the angles of a 


triangle, together = two rt. angles. 


1, 32, 
.. the 2* ADC, ABC together = two rt. angles. 
Similarly it may be shewn that 
the .* BAD, BCD together = two rt. angles. 
Q.F.D. 


EXERCISES. 


1. If a circle can be described about a parallelogram, the 
parallelogram must be rectangular. 


2. ABC is an isosceles triangle, and XY is drawn parallel to the 
base BC: shew that the four points B, C, X, Y lie on a circle. 


3. If one side of a quadrilateral inscribed in a circle is produced, 
the exterior angle is equal to the opposite interior angle of the quadri- 
lateral. 
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Proposition 22. [Alternative Proof.] 


Let ABCD be a quadrilateral inscribed in the © ABC: 
then shall the 2* ADC, ABC together=two rt. angles. 
Join FA, FC. 0 
Then the 2 AFC at the centre = twice the 
ZADC at the o°, standing on the same arc 
ABC. 111. 20. Cc 
Also the reflex angle AFC at the centre 
= twice the 2 ABC at the o°, standing on the 


same are ADC. 111. 20. 
Hence the 2* ADC, ABC are together half A B 
the sum of the 2 AFC and the reflex angle AFC; 
but these make up four rt. angles: 1.15. Cor, 2. 


.. the 2* ADC, ABC together=two rt. angles. Q.E.D. 


DeFiniTI0n. Four or more points through which a circle 
may be described are said to be concyclic. 


CONVERSE OF PROPOSITION 22. 


If a pair of opposite angles of a quadrilateral are together equal to 
two right angles, its vertices are concyclic. 


Let ABCD be a quadrilateral, in which the opposite angles at 
B and D together=two rt. angles; A 
then shall the four points A, B, C, D be 
concyclic. E 
Through the three points A, B, C describe D 
a circle: Iv. o. 
then this circle must pass through D. 
For, if not, it will cut AD, or AD produced, B 
at some other point E. Cc 
Join EC. 
Then since the quadrilateral ABCE is inscribed in a circle, 
.. the 2% ABC, AEC together=two rt. angles. —sm, 22. 
But the 28 ABC, ADC together =two rt. angles ; Hyp. 
hence the £* ABC, AEC=the 28 ABC, ADC. 
Take from these equals the 2 ABC: 
then the 2 AEC=the 2 ADC; 
that is, an ext. angle of a triangle=an int. opp. angle; 
which is impossible, 1,16. 
. the circle which passes through A, B, C cannot pass otherwise 
than through D: 
that is the four vertices A, B, C, D areconcyclic. Q.xz.p. 


H. E, 13 
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Derinition, Similar segments of circles are those which 
contain equal angles. 


Proposition 23. THEOREM. 


On the same chord and on the same side of it, there 
cannot be two similar segments of circles, not coinciding with 
one another. 


D 


A B 


If possible, on the same chord AB, and on the same 
side of it, let there be two similar segments of circles ACB, 
ADB, not coinciding with one another. 


Then since the arcs ADB, ACB intersect at A and B, 
", they cannot cut one another again; —i. 10. 
‘, one segment falls within the other. 


In the outer are take any point D; 
join AD, cutting the inner arc at C: 
join CB, DB. 

Then because the segments are similar, 


. the 2ACB=the 2 ADB; mi. Def. 
that is, an ext. ‘angle of a triangle = an int, Opp. angle ; 
which is impossible. “1 16. 


Hence the two similar segments ACB, ADB, on the same 
chord AB and on the same side of it, must coincide. 


Q.E.D. 
EXERCISES ON PROPOSITION 22. 


1. The straight lines which bisect any angle of a quadrilateral 
figure inscribed in a circle and the opposite exterior angle, mest on 
the circumference. 

2. A triangle is inscribed in a circle: shew that the sum of the 
angles in the three segments exterior to the triangle is equal to four 
right angles. 

8. Divide a circle into two segments, so that the angle contained 
by the one shall be double of the angle contained by the other. 
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Proposition 24. THEOREM. 


Similar segments of circles on equal chords are equal to 
one another. 
, a 


A - B Cc D 


Let AEB and CFD be similar segments on equal chords 
AB, CD: 
then shall the segment ABE = the segment CDF. 


For if the segment ABE be applied to the segment CDF, 
so that A falls on C, and AB falls along CD; 
then since AB = CD, 
‘. B must coincide with D. 


.. the segment AEB must coincide with the segment CFD ; 
for if not, on the same chord and on the same side of it 
there would be two similar segments of circles, not co- 
inciding with one another: which is impossible. UI, 23. 


.. the segment AEB = the segment CFD. 4. B.D. 


EXERCISES. 


1. Of two segments standing on the same chord, the greater 
segment contains the smaller angle. 


2. A segment of a circle stands on a chord AB, and P is any 
point on the same side of AB as the segment: shew that the angle 
APB is greater or less than the angle in the segment, according as P 
is within or without the segment. 


8. P, Q, R are the middle points of the sides of a triangle, 
and X is the foot of the perpendicular let fall from one vertex on the 
opposite side: shew that the four points P, Q, R, X are concyclic. 

[See page 96, Ex. 2: also page 100, Ex. 2.] 


4. Use the preceding exercise to shew that the middle points uf the 
sides of a triangle and the feet of the perpendiculars let fall from the 
vertices on the opposite sides, are concyclic. 


13-2 
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Proposition 25, ProsBieM*. 


An are of a circle being given, to describe the whole cir- 
cumference of which the given arc is a part. 





Let ABC be an arc of a circle: 
it is required to describe the whole O° of which the arc 
ABC is a part. 
In the given are take any three points A, B, C. 
Join AB, BC. 
Draw DF bisecting AB at rt. angles, 1. 10. 11. 
and draw EF bisecting BC at rt. angles. 


Then because DOF bisects the chord AB at rt. angles, 

*. the centre of the circle lies in DF. 111. 1. Cor 
Again, because EF bisects the chord BC at rt. angles, 

’. the centre of the circle lies in EF. 111. 1. Cor. 


', the centre of the circle is F, the only point common to 
DF, EF. 


Hence the O° of a circle described from centre F, with 
radius FA, is that of which the given arc isa part. Q.E.F. 


* Note. Euclid gave this proposition a somewhat different form, 
as follows: 


A segment of a circle being given, to describe the circle of which 
it is a segment. 
Let ABC be the given segment standing on the chord AC. 
Draw DB, bisecting AC at rt. angles. 1.10. B 
Join AB. 
At A, in BA, make the 2 BAE equal to the 
Z ABD. 1. 23. 
Let AE meet BD, or BD produced, at E. E 
Then E shall be the centre of the required circle. 
[Join EC; and prove (i) EA=EC; 1, 4. 


(ii) EA=EB. 1.6.] i 
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Proposition 26. THEOREM. 


In equal circles the arcs which subtend equal angles, 
whether at the centres or at the circumferences, shall be equal. 


D 
K , 


Let ABC, DEF be equal circles and let the + * BGC, EHF, 
at the centres be equal, and consequently the ~ * BAC, EDF 
at the O™* equal: 111. 20. 

then shall the are BKC = the arc ELF. 
Join BC, EF. 
Then because the ©* ABC, DEF are equal, 
.. their radii are equal. 
Hence in the A* BGC, EHF, 


BG -: EH, 

Because and GC = HF, 
and the 2 BGC = the 2 EHF ; Hyp. 
’, BC= EF. I. 4, 
Again, because the . BAC =. the ~ EDF, Typ. 


.. the segment BAC is similar to the segment EDF ; 
m1, Def. 15. 
und they are on equal chords BC, EF; 
.. the segment BAC =: the segment EDF. HI. 24. 


But the whole © ABC = the whole © DEF; 
.. the remaining segment BKC = the remaining segment ELF, 
.. the arc BKC =: the arc ELF. 
Q.B, D. 


[For an Alternative Proof and Exercises see pp. 197, 198.] 
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PROPOSITION 27. THEOREM. 


In equal circles the angles, whether at the centres or the 
circumferences, which stand on equal arcs, shall be equal. 


A D 


B C E F 
K 


Let ABC, DEF be equal circles, 
and let the arc BC =the arc EF: 
then shall the 2 BGC = the z EHF, at the centres ; 
and also the 2 BAC = the ~ EDF, at the 0, 
If the .* BGC, EHF are not equal, one must be the 


greater. 
If possible, let the 2 BGC be the greater. 
At G, in BG, make the 2 BGK equal to the 4 EHF. 1. 23. 
Then because in the equal ©* ABC, DEF, 
the 2 BGK=the 2 EHF, atthe centres; Constr. 
.. the arc BK = the are EF. 11, 26. 


But the arc BC = the arc EF, Hyp. 
.. the arc BK =the arc BC, 
a part equal to the whole, which is impossible. 
.. the 2 BGC is not unequal to the 2 EHF; 
that is, the 2 BGC =the z EHF. 
And since the 2 BAC at the O° is half the 2 BGC at the 
centre, 111, 20, 


and likewise the 2 EDF is half the z EHF, 
.. the 2 BAC = the z EDF. Q. E. D. 


[For Exercises see pp. 197, 198.] 
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Proposition 28. THEOREM. 


In equal circles the arcs, which are cut off by equal 
chords, shall be equal, the major arc equal to the major arc, 
and the minor to the minor. 


B Cc E F 
H 


Let ABC, DEF be two equal circles, 
and let the chord BC = the chord EF : 
then shall the major arc BAC = the major arc EDF; 
and the minor arc BGC = the minor arc EHF. 


Find K and L the centres of the ©* ABC, DEF: 1. 1. 
and join BK, KC, EL, LF. 


Then because the ©* ABC, DEF are equal, 
.. their radii are equal. 


]fence in the A® BKC, ELF, 


( BK=EL, 
Because KC =LF, 
land BC=EF; Typ. 
.. the 2 BKC =the 2 ELF; 1. 8. 
.. the arc BGC = the arc EHF; 111, 26. 


and these are the minor arcs. 


But the whole O° ABGC=the whole O% DEHF; Hyp. 
.. the remaining arc BAC = the remaining arc EDF: 
and these are the major arcs. Q.E.D. 


[For Exercises see pp. 197, 198.] 
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Proposition 29. THEOREM. 


In equal circles the chords, which cut off equal arcs, shall 
be equal. 
A 


C E F 


H 
G 


Let ABC, DEF be equal circles, 
and Jet the are BGC = the are EHF: 
then shall the chord BC = the chord EF. 
Find K, L the centres of the circles. ui, 1, 
Join BK, KC, EL, LF. 
Then in the equal ©* ABC, DEF, 
hecnuse the are BGC = the arc EHF, 


.. the 2 BKC =the z ELF. 111. 27, 

Hence in the A* BKC, ELF, 
BK = EL, being radii of equal circles; 

Because KC =LF, for the same reason, 
land the 2 BKC =the —~ ELF; Proved. 
". BC — EF. I, 4. 
Q.E.D. 
EXERCISES 


ON PROPOSITIONS 26, 27. 


1. If two chords of a circle are parallel, they intercept equal arcs. 

2. - The straight lines, which join the extremities of two equal 
arcs of a circle towards the same parts, are parallel. 

3. Ina circle, or in equal circles, sectors are equal tf their angles 
at the centres are equal. 


EXERCISES ON PROPS. 28, 29. 197 


4, Iftwo chords of a circle intersect at right angles, the opposite 
aros are together equal to a semicircumference. 


5. If two chords intersect within a circle, they form an angle 
equal to that subtended at the circumference by the sum of the arcs they 


cut off. 


6. If two chords intersect without a circle, they form an angle 
equal to that subtended at the circumference by the difference of the arcs 
they cut off. 


7. If AB is a fixed chord of a circle, and P any point on one 
of the urcs cut off by it, then the bisector of the angle APB cuts the 
conjugate arc in the same point, whaterer be the position of P. 


8. Two circles intersect at A and B; and through these points 
atraizht lines are drawn from any point P on the circumference of 
one of the circles: shew that when produced they intercept on the 
other circumference an arc which is constant for all positions of P. 


9. A triangle ABC is inscribed in a circle, and the bisectors of 
the angles meet the circumference at X, Y, Z. Find each angle of 
the triangle XYZ in terms of those of the original triangle. 


ON PROPOSITIONS 28, 29. 


10. Thestraight lines which join the extremities of parallel chords 
in a circle (i) towards the same parts, (ii) towards opposite parts, are 
equal. 


11. Through A, a point of intersection of two equal circles two 
straight lines PAQ, XAY are drawn: shew that the chord PX is equal 
to the chord QY. 


12. Through the points of intersection of two circles two parallel 
straight lines are drawn terminated by the circumferences: shew that 
the straight lines which join their extremities towards the same parts 
are equal. 


13. Two equal circles intersect at A and B; and through A any 
straight line PAQ is drawn terminated by the circumferences: shew 
that BP=BQ. 


14, ABC is an isosceles triangle inscribed in a circle, und the 
bisectors of the base angles meet the circumference at X und Y. Shew 
that the figure BXAYC must have four of its sides equal. 

What relation must subsist among the angles of the triangle ABC, 
in order that the figure BXAYC may be equilateral? 
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Nore. We have given Euclid’s demonsirations of Propositions 
26, 27, 28, 29; but it should be noticed that all these propositions 
also admit of direct proof by the method of superposition. 


To illustrate this method we will apply it to Proposition 26. 


Proposition 26, [Alternative Proof. ] 


In equal circles, the arcs which subtend equal angles, whether at 
the centres or circumferences, shall be equal. 


A D 


B Cc hUC€E F 
K L 


Let ABC, DEF be equal circles, and let the 2* BGC, EHF at the 
centres be equal, and consequently the 4*BAC, EDF at the om 
equal; m1, 20. 

then shall the arc BKC = the arc ELF, 


For if the © ABC be applied to the © DEF, so that the centre G 
may fall on the centre H, 
then because the circles are equal, Hyp. 
.. their O° must coincide; 
hence by revolving the upper circle about its centre, the lower circle 
remaining fixed, 
B may be made to coincide with E, 
and consequently GB with HE. 
And because the 2 BGC=the 2 EHF, 
.. GC must coincide with HF; 
and since GC=HF, Hyp. 
“. C must fall on F. 
Now B coinciding with E, and C with F, 
und the o° of the © ABC with the O° of the © DEF, 
.. the arc BKC must coincide with the arc ELF, 
. the are BKC=the arc ELF. 
Q.E.D, 


BOOK III. PROP. 30. 199 
Proposition 30. PROBLEN. 


To bisect a given are. 


0) 


A 


Let ADB be the given arc: 
it is required to bisect it. 


Join AB; and bisect it at C. 1. 10, 
At C draw CD at rt. angles to AB, meeting the given 
arc at D. 111. 
Then shall the arc ADB be bisected at D. 
Join AD, BD. 
Then in the A® ACD, BCD, 
AC = BC, Constr. 
Because and CD is common; 
and the 4 ACD=the 2 BCD, being rt. angles: 
.. AD = BD. I. 4. 


And since in the © ADB, the chords AD, BD are equal, 
.. the arcs cut off by them are equal, the minor arc equal 
to the minor, and the major arc to the major: III. 28. 

and the arcs AD, BD are both minor arcs, 
for each is less than a semi-circumference, since DC, bisecting 
the chord AB at rt. angles, must pass through the centre 
of the circle. 11. 1. Cor. 
.. the arc AD= the arc BD: 
that is, the arc ADB is bisected at D. QE. F. 


EXERCISES, 


1. If a tangent to a circle is parallel to a chord, the point of 
contact will bisect the arc cut off by the chord. 


2. Trisect a quadrant, or the fourth part of the circumference, of 
a circle. 
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Proposition 31. THEOREM. 


The angle in a semicircle is a right angle: 
the angle in @ segment greater than a senvicircle is less 


than a right angle ; 
and the angle in a segment less than a semicircle is 


greater than a right angle. 
EF 


Let ABCD be a circle, of which BC is a diameter, and 

E the centre; and let AC be a chord dividing the circle into 

the segments ABC, ADC, of which the segment ABC is 
greater, and the segment is ADC less than a semicircle: 

then (i) the angle in the semicircle BAC shall be a rt. angle; 

(ii) the angle in the segment ABC shall be less than a 


rt. angle ; 
(iii) the angle in the segment ADC shall be greater 


than a rt. angle. 


In the arc ADC take any point D; 
Join BA, AD, DC, AE; and produce BA to F, 


(1) Then because EA = EB, m1. Def 
.. the 4 EAB =the 2 EBA. I. 
And because EA = EC, 
.. the 4 EAC=the 2 ECA, 

.. the whole < BAC =the sum of the 2 ® EBA, ECA: 
but the ext. 2 FAC = the sum of the two int. 4 * CBA, BCA; 
.. the 4 BAC =the z FAC; 

.. these angles, being adjacent, are rt. angles. 
. the £2 BAC, in the semicircle BAC, is a rt. angle. 


1. 
D. 
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(ii) In the A ABC, because the two ~* ABC, BAC are 

together less than two rt. angles; 1.17. 

and of these, the ~ BAC isa rt. angle; Proved. 

.". the 2 ABC, which is the angle in the segment ABC, is 
less than a rt, angle. 


(iii) Because ABCD is a quadrilateral inscribed in the 
© ABC, 
.. the 2 * ABC, ADC together = two rt. angles; 111. 22. 
and of these, the 2 ABC is less than a rt. angle: Proved. 
.. the 2 ADC, which is the angle in the segment ADC, is 
greater than a rt. angle. Q. E. D. 


EXERCISES. 


1. A circle described on the hypotenuse of a right-angled triangle 
as diameter, passes through the opposite angular point. 

2. A system of right-angled triangles is described upon a given 
straight line as hypotenuse: find the locus of the opposite angular 
points, 

3. A straight rod of given length slides between two straight 
rulers placed at right angles to one another: find the locus of its 
middle point. 

4. Two circles intersect at A and B; and through A two diameters 
AP, AQ are drawn, one in each circle: shew that the points P, B, Q 
are collinear, [See Def. p. 102.] 

5. Accircle is described on one of the equal sides of an isosceles 
triangle as diameter. Shew that it passes through the middle point 
of the base. 

6. Of two circles which have internal contact, the diameter of the 
inner is equal to the radius of the outer. Shew that any chord of 
the outer circle, drawn from the point of contact, is bisected by the 
circumference of the inuer circle. 

7. Circles described on any two sides of a triangle as diameters 
intersect on the third side, or the third side produced. 

8. Find the locus of the middle points of chords of a circle drawn 
through a fixed‘point. 

Distinguish between the cascs when the given point is within, on, 
or without the circumference. 

9. Describe a square equal to the difference of two given sijuares. 

10. Through one of the points of intersection of two circles draw 
a chord of one circle which shall be bisected by the other. 

11. Ona given straight line as base a system of equilateral four- 
sided figures is described: find the locus of the intersection of their 
diagonals. 
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Norz 1. The extension of Proposition 20 to straight and reflex 
angles furnishes a simple alternative proof of 


the first theorem contained in Proposition 81, A 
viz. 
The angle in a semicircle is a right angle. \ 
For, in the adjoining figure, the angle at B 0 


the centre, standing on the arc BHO, is 
double the angle at the O°, standing on the 
same arc. H 


Now the angle at the centre is the straight angle BEC; 
. the Z BAC is half of the straight angle BEC: 
and a straight angle=two rt. angles; 
.. the 2 BAC=one half of two rt. angles, 
= one rt. angle. Q.E.D. 


Norge 2. From Proposition 31 we may derive a simple practical 
solution of Proposition 17, namely, 


To draw a tangent to a circle from a given external point. 


Let BCD be the given 
circle, and A the given exter- 
nal point: 

it is required fo draw from 
A a tangent to the @ BCD. 


Find E, the centre of the 
circle, and join AE. 

On AE describe the semi- 
circle ABE, to cut the given 
circle at B. 

Join AB. 

Then AB shall be a tangent 
to the © BCD. 

For the Z ABE, being in a semicircle, is a rt. angle. In, 31. 

. AB is drawn at rt. angles to the radius EB, from its ex- 
tremity B; 





. AB is a tangent to the circle. ur. 16. 

. Q.E.F. 

Since the semicircle might be described on either side of AE, it is 

clear that there will be a second solution of the problem, as shewn by 
the dotted lines of the figure. 
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Propositiun 32, THEOREM. 


Tf a straight line touch a circle, and from the point of 
contact a chord be drawn, the angles which this chord makes 
with the tangent shall be equal to the angles in the alternate 
segments of the circle. 


A 


E B F 
Let EF touch the given ©ABC at B, and let BD be a 
chord drawn from B, the point of contact: 
then shall (i) the 2 DBF -- the angle in the alternate 
segment BAD: 
(ii) the . DBE =the angle in the alternate 
segment BCD. 


From B draw BA perp. to EF, 1. 14, 
Take any point C in the arc BD; 
and join AD, DC, CB. 


(i) Then because BA is drawn perp. to the tangent EF, 
at its point of contact B, 
.. BA passes through the centre of the circle: 111. 19. 
.. the 2 ADB, being in a semicircle, 1s a rt. angle: 111. 3). 
.. In the AABD, the other 2* ABD, BAD together =a rt. 
angle; | as ee 
that is, the 2° ABD, BAD together =the 2 ABF. 
From these equals take the common 2 ABD; 
', the 4 DBF =the 2 BAD, which is in the alternate sey- 
ment, 
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A 


E B F 


(ii) Because ABCD is a quadrilateral inscribed in a 
circle, 
‘’, the 2* BCD, BAD together = two rt, angles: ur. 22. 
but the 2* DBE, DBF together=two rt. angles; 1. 13. 
". the 2* DBE, DBF together=the 2 *® BCD, BAD: 
and of these the 2 DBF =the z BAD; Proved. 
. the 4 DBE=the ~ DCB, which is in the alternate seg- 
ment. Q. E. D. 


EXERCISES. 


1. State and prove the converse of this proposition. 


2. Use this Proposition to shew that the tangents drawn to a 
circle from an external point are equal, 


3. If two circles touch one another, any straight line drawn 
through the point of contact cuts off similar segments. 
Prove this for (i) internal, (ii) external contact. 


4. If two circles touch one another, and from A, the point of con- 
tact, two chords APQ, AXY are drawn: then PX and QY are parallel. 
Prove this for (i) internal, (ii) external contact. 


5. Two circles intersect at the points A, B: and one of them 
passes through O, the centre of the other: prove that OA bisects the 
angle between the common chord and the tangent to the first circle 
at A 


6. Two circles intersect at A and B; and through P, any point 
on the circumference of one of them, straight lines PAC, PBD are 
drawn to cut the other circle at C and D: shew that CD is parallel 
to the tangent at P. 


7. If from the point of contact of a tangent to a circle, a chord 
be drawn, the perpendiculars dropped on the tangent and chord from 
the middle point of either arc cut off by the chord are equal. 
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PROBLEM. 


BOOK III. 


PRopOSITION 33. 
On a given straight line to dexcrihe a segment of a circle 


which shall contain an angle equal to a given angle 
H 





Let AB be the given st. line, and C the given angle 
it is required to describe on AB a segment of a circle which 
shall contain an angle equal to C 
BAD equal] to the 2 C. 1. 23. 
1. 11. 


At Ain BA, make the — 
From A draw AE at rt. angles to AD. 
1. 10. 


Bisect AB at F; 
and from F draw FG at rt. angles to AB, cutting AE at G 
Join GB. 
Then in the 4® AFG, BFG. 
AF =: BF, Constr. 
and FG is common, 
and the < AFG= =the 2 BFG, being rt. angles; 
1. 4. 


. GA=GB: 


Because 
. the circle esate roid centre G, with radius GA, will 


pass through B. 
Describe this circle, and call it ABH 
then the segment AHB shall contain an angle equal to 
Because AD is drawn at rt. angles to the radius GA from 
its extremity A, 
AD is a tangent to the circle ir. 16. 
111, 32. 


and from A, its point of contact, a chord AB is drawn; 
the + BAD =the angle in the alt. segment AHB. 
: Constr 


But the 2 BAD=the 2C 
the angle in the segment AHB=the ~ 
AHB is the segment required. Q. E.F. 
14 
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Norse. In the particular case when the given angle Cis art. angle, 
the segment required will be the 


semicircle described on the given H 
st. line AB; for the angle ina [6 
semicircle is a rt. angle. 1. 31. 
A B 
EXERCISES. 


[The following exercises depend on the corollary to Proposition 21 
given on page 187, namely 


The locus of the vertices of triangles which stand on the sanve base 
and have a given vertical angle, is the arc of the segment standing on 
this base, and containing an angle equal to the given angle. 


Exercises 1 and 2 afford good illustrations of the method of find- 
ing required points by the Intersection of Loci. See page 117.] 


1. Describe a triangle on a given base, having a given vertical 
ungle, and having its vertex on a given straight line. 


2. Construct a triangle, having given the base, the vertical angle 
and (i) one other side. 
(li) the altitude. 
(ili) the length of the median which bisects the base. 
iy) the point at which the perpendicular from the vertex 
meets the base. 


3. Construct a triangle having given the base, the vertical angle, 

and the point at which the base is cut by the bisector of the vertical 
angle. . 
{Let AB be the base, X the given point in it, and K the given 
angle. On AB describe a seginent of a circle containing an angle 
equal to K; complete the o°* by drawing the arc APB. Bisect the arc 
APB at P: join PX, and produce it to meet the o% at C. Then ABC 
shall be the required triangle.] 


4. Construct a triangle having given the base, the vertical angle, 
and the sum of the remaining sides. 

[Let AB be the given base, K the given angle, and H the given line 
equal to the sum of the sides. On AB describe a segment containing 
un angle equal to K, also another segment containing an angle equal 
to half the 2K. From centre A, with radius H, describe a circle 
cutting the last drawn segment at X and Y. Join AX (or AY) cutting 
the first segment at C. Then ABC shall be the required triangle. ] 


5. Construct a triangle having given the base, the vertical angle, 
and the difference of the remaining sides, 


BOOK III. PROP. 34, 207 
Proposition 34. PROBLEM. 


From @ given circle to cut aff a segment which shall 
contain an angle equal to a given angle. 


<< 


D 


A 





E B F 


Let ABC be the given circle, and D the given angle: 
it is required to cut off from the © ABC a segment which 
shall contain an angle equal to D. 


Take any point B on the O°, 
and at B draw the tangent EBF. 1. 17. 
At B, in FB, make the 4 FBC equal to the 2D. 1. 23. 
Then the segment BAC shal] contain an angle equal to D. 


Because EF is a tangent to the circle, and from B, its 
point of contact, a chord BC is drawn, 
.. the 2 FBC =the angle in the alternate segment BAC. 
11. 32. 
But the 4 FBC=the 2D; Constr. 
.. the angle in the segment BAC = the z D. 
Hence from the given © ABC a segment BAC has been 
cut off, containing an angle equal to D. Q. E. F. 


EXERCISES. 


1. The chord of a given segment of a circle is produced to a fixed 
point: on this straight line so produced draw a segment of a circle 
similar to the given segment. 


2. Through a given point without a circle draw a straight line 
that will cut off a segment capable of containing an angle equal to a 
given angle. 


14.2 
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Proposition 35. THEOREM. 


If two chords of a circle cut one another, the rectangle 
contained by the segments of one shall be equal to the rect- 
angle contained by the segments of the other. 





Let AB, CD, two chords of the © ACBD, cut one another 
at E: 
then shall the rect. AE, EB ~. the rect. CE, ED. 
Find F the centre of the © ACB: 1. 1, 
From F draw FG, FH perp. respectively to AB, CD. 1. 12. 
Join FA, FE, FD. 
Then because FG is drawn from the centre F perp. to AB, 
.. AB is bisected at G. Ill, 3. 
For a similar reason CD is bisected at H. 

A gain, because AB is divided equally at G, and unequally at E, 
.. the rect. AE, EB with the sq. on EG = the sq. on AG. II. 9. 
To each of these equals add the sq. on GF; 
then the rect. AE, EB with the sqq. on EG, GF = the sum of 

the sqq. on AG, GF. 
But the sqq. on EG, GF =: the sq. on FE; 1. 47, 
and. the sqq. on AG, GF = the sq. on AF; 
for the angles at G are rt. angles. 
.. the rect. AE, EB with the sq. on FE = the sq. on AF. 
Similarly it may be shewn that 
the rect. CE, ED with the sq. on FE= the sq. on FD. 
But the sq. on AF =the sq. on FD; for AF = FD. 
.. the rect. AE, EB with the sq. on FE=the rect. CE, ED 
with the sq. on FE. 
From these equals take the sq. on FE: 
then the rect. AE, EB=the rect. CE, ED. .. Q.E.D. 
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Corottary. If through a fixed point within a cirele 
any number of chords are drawn, the rectangles contained 
by their segments are all equal. 


Notre. The following special cases of this proposition deserve 
notice. 


(i) when the given chords buth pass through the centre: 
(ii) when one chord passes through the centre, and cuts the 
other at right angles: 
(iii) when one chord passes through the centre, and cuts the 
other obliquely. 


In each of these cases the general proof requires some modifica- 
tion, which may be left as an exercise to the student. 


EXERCISES. 


1. Z'wo straight lines AB, CD intersect at E, so that the rectangle 
AE, EB is equal to the rectangle CE, ED: shew that the four points 
A, B, C, D are concyclic. 

2. The rectangle contained by the segments of any chord drawn 
through a given point within a circle is equal to the square on half 
the shortest chord which may be drawn through that point. 


3. ABC is a triangle right-angled at C; and from C a perpen- 
dicular CD is drawn to the hypotenuse: shew that the square on CD 
is equal to the rectangle AD, DB. 

4, ABC is a triangle; and AP, BQ the perpendiculars dropped 
from A and B on the opposite sides, intersect at O: shew that the 
rectangle AO, OP is equal to the rectangle BO, OQ. 

5. Two circles intersect at Aand B, and through any point in AB 
their common chord two chords are drawn, one in each circle; shew 
that their four extremities are concyclic. 


6. A and B are two points within a circle such that the rectangle 
contained by the segments of any chord drawn through A is equal to 
the rectangle contained by the segments of any chord through B:; 
shew that A and B are equidistant from the centre. 

7. If through E, a point without a circle, two secants EAB, ECD 
are drawn; shew that the rectangle EA, EB is equal to the rectangle 
EC, ED. 

[Proceed as in 111. 35, using 11. 6.] 

8. Through A, a point of intersection of two circles, two straight 
lines CAE, DAF are drawn, each passing through a centre and termi- 
nated by the circumferences: shew that the rectangle CA, AE is equal 
to the rectangle DA, AF. 
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Proposition 36, THEOREM. 


Lf from any point without a circle a tangent and a 
secant be drawn, then the rectangle contained by the whole 
secant and the part of it without the circle shall be equal to 
the square on the tangent. 


A 


Let ABC be a circle; and from D a point without it, let 
there be drawn the secant DCA, and the tangent DB: 
then the rect. DA, DC shall be equal to the sq. on DB. 


Find €, the centre of the © ABC: 1. 1. 
and from E, draw EF perp. to AD. 1.12. 
Join EB, EC, ED. 


Then because EF, passing through the centre, is perp. 
to the chord AC, 
*, AC is bisected at F. I11, 3. 
And since AC is bisected at F and produced to D, 
.. the rect. DA, DC with the sq. on FC =the sq. on FD. 11. 6. 
To each of these equals add the sq. on EF: 
then the rect. DA, DC with the sqq. on EF, FC = the sqq. on 
EF, FD. 
But the sqq. on EF, FC = the sq. on EC; for EFC is art. angle; 
= the sq. on EB. 
And the sqq. on EF, FD = the sq. on ED; for EFD is a rt, angle; 
= the sqq. on EB, BD; for EBD is a 
rt. angle. ur. 18. 
.. the rect. DA, DC with the sq. on EB =the sqq. on EB, BD. 
From these equals take the sq. on EB: 
then the rect. DA, DC = the sq. on DB. Q.E.D. 


Norr. This proof may easily be adapted to the case when the 
secant passes through the centre of the circle. 
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CoroLttary. Jf from a given point without «a circle 
any number of secants are drawn, the rectangles contained 
by the whole secants and the parts of them without the circle 
are all equal, for each of these rectangles is equal to the 
square on the tangent drawn from the given point to the 
circle. 


For instance, in the adjoining figure, 
each of the rectungles PB, PA and PD, PC 
and PF, PE is equal to the square on the 
tangent PQ: 


.. the rect. PB, PA 
-. the rect. PD, PC 
= the rect. PF, PE. 





Nore. Remembering that the segments into which the chord AB 
is divided at P, are the lines PA, PB, (sce Part I. page 131) we are 
enabled to include the corollaries of Propositions 35 and 36 in a 
single enunciation. 

If any number of chords of a circle are drawn through a given 
point within or witheut a circle, the rectangles contained by the 
segments of the chords are equal. 


EXERCISES. 


1. Use this proposition to shew that tangents drawn (0 a circle 
from an external point are equal. 


2. If two circles intersect, tangents drawn to them {rom any 
point in their common chord produced are equal. 

8. If two circles intersect at A and B, and PQ isa tangent to 
both circles; shew that AB produced bisects PQ. 

4, If P is any point on the straight line AB produced, shew that 
the tangents drawn from P to all circles which pass through A and B 
are equal. 

5. ABC isa triangle right-angled at C, and from any point P in 
AC, a perpendicular PQ is drawn to the hypotenuse: shew that the 
rectangle AC, AP is equal to the rectangle AB, AQ. 


6. ABC is a triangle right-angled at C, and from C a perpen- 
dicular CD is drawn to the hypotenuse: shew that the rect. AB, AD 
is equal to the square on AC. 
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Proposition 37. THEOREM. 


Lf from a point without a circle there be drawn two 
straight lines, one of which cuts the circle, and the other 
meets it, and if the rectangle contained by the whole line 
which cuts the circle and the part of it without the circle be 
equal to the square on the line which meets the circle, then 
the line which meets the circle shall be a tangent to it. 


B 


E 
Let ABC be a circle; and from D, a point without it, 
let there be drawn two st. lines DCA and DB, of which 
DCA cuts the circle at C and A, and DB meets it; and let 


the rect. DA, DC - the sq. on DB: 
then shall DB be a tangent to the circle. 


From D draw DE to touch the © ABC: nn17, 
let E be the point of contact. 
Find the centre F, and join FB, FD, FE. i. I. 


Then since DCA is a secant, and DE a tangent to the circle, 
.. the rect. DA, DC = the sq. on DE, 111. 36. 
But, by hypothesis, the rect. DA, DC = the sq. on DB; 
.. the sq. on DE~ the sq. on DB, 


.. DE = DB. 
Hence in the /\* DBF, DEF. 
( DB = DE, Proved. 
Because , and BF = EF; ut. Def. 1. 
land DF is common; 
.. the 1 DBF = the 2 DEF. 1. 8, 
But DEF is a rt. angle ; 1 18. 


.. DBF is also a rt. angle; 
and since BF is a radius, 
.. DB touches the © ABC at the point B. 
Q. B.D. 


NOTE ON TILE METHOD OF LIMITS AS APPLIED TO TANGENCY. 


Euclid defines a tangent to a circle as «a straight line which meets 
the circumference, but being produced, does not cut it: and from this 
definition he deduces the fundamental theorem that a tangent is per- 
pendicular to the radius drawn to the point of contact. Prop. 16. 


But this result may also be established by the Method of Limits. 
which regards the tungent as the ultimate position of a secant when ils 
two points of intersection with the circumference are brought into coin- 
cidence [See Note on page 151]: and it may be shewn that every 
theorem relating to the tangent may be derived from some more 
general proposition relating to the secant, by considering the ultimate 
case when the two points of intersection coincide. 


1, To prove by the Method of Limits that a tangent to a cirele 
is at right angles to the radius drawn to the point of contact, 


Let ABD be a circle, whose centre 
is C; and PABQ a secant cutting the 
©? in A and B; and let P’AQ’ be the 
limiting position of PQ when the point 
B is brought into coincidence with A: 
then shall CA be perp. to P’Q’. 


Bisect AB at E and join CE: 
then CE is perp. to PQ. som. 3. 


Now let the secant PABQ change 
its position in such a way that while the 
point A remains fixed, the point B con- 
tinually approaches A, and ultimately 
coincides with it; 

then, however neur B approaches to A, the st. line CE is always 
perp. to PQ, since it joins the centre to the middle point of the chord 
A 





But in the limiting position, when B coincides with A. and the 
secant PQ becomes the tangent P’Q’, it is clear that the point E will 
also coincide with A; and the perpendicular CE becomes the radius 
CA. Hence CA is perp. to the tangent P’Q’ at its point of contact 
A. Q.F.D, 


Note. It follows from Proposition 2 that a straight line cannot 
cut the circumference of a circle at more than two points. Now when 
the two points in which a secant cuts a circle move towards coinci- 
dence, the secant ultimately becomes a tangent to the circle: we 
infer therefore that a tangent cannot meet a circle otherwise than 
at its point of contact. Thus Euclid’s definition of a tangent may be 
deduced from that given by the Method of Limits. 
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2. By this Method Proposition 32 may be derived as a special case 
from Proposition 21. 


For let A and B be two points on the © 
of the ©ABC; 
and let BCA, BPA be any two angles in 
the segment BCPA: 
then the 2 BPA=the 2 BCA. 11. 21. 

Produce PA to Q. 

Now let the point P continually approach 
the fixed point A, and ultimately coincide 
with it; 

then, however near P may approach to A, 
the 2 BPQ=the z BCA. 11. 21. 
But in the limiting position when a! Q 
P coincides with A, 
and the secant PAQ becomes the tangent AQ’, 
it is clear that BP will coincide with BA, 
and the 2 BPQ becomes the 2 BAQ’. 
Hence the 2 BAQ’=the 2 BCA, in the alternate segment. Q.£.D. 





The contact of circles may be treated in a similar manner by 
adopting the following definition. 


Derinition. If one or other of two intersecting circles alters its 
position in such a way that the two points of intersection continually 
approach one another, and ultimately coincide; in the limiting posi- 
tion they are said to touch one another, and the point in which the 
two points of intersection ultimately coincide is called the point of 
contact. 

EXAMPLES ON LIMITS. 

1. Deduce Proposition 19 from the Corollary of Proposition 1 
and Proposition 3. 

2, Deduce Propositions 11 and 12 from Ex. 1, page 156. 

3. Deduce Proposition 6 from Proposition 5. 

4. Deduce Proposition 13 from Proposition 10. 

5. Shew that a straight line cuts a circle in two different points, 
two coincident points, or not at all, according as its distance from the 
centre is less than, equal to, or greater than a radius. 

6. Deduce Proposition 32 from Ex. 3, page 188. 

7. Deduce Proposition 36 from Ex. 7, page 209. 

8. The angle in a semi-circle ts a right angle. 

To what Theorem is this statement reduced, when the vertex of 
the right angle is brought into coincidence with an extremity of the 
diameter? 


9. From Ex. 1, page 190, deduce the corresponding property of a 
triangle inscribed in a circle, 
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THEOREMS AND EXAMPLES ON BOOK III. 


I. ON THE CENTRE AND CHORDS OF A CIRCLE. 
See Propositions 1, 3, 14, 15, 25. 


1. All circles which pass through a fixed point, and have their 
centres on a given straight line, pass also through a second fixed point. 


Let AB be the given st. line, and P the given point. 


4, 
/ 


CG P 
A 


From P draw PR perp. to AB; 
and produce PR to P’, making RP’ equal to PR. 


Then all circles which pass throngh P, and have their centres on 
AB, shall pass also through P’. 


For let C be the centre of any one of these circles. 
Join CP, CP’. 
Then in the A* CRP, . ««P’ 


CR is common, 
Because and RP=RP, Constr, 
and the 2 CRP=the z CRP’, being rt. angles; 
.. CP=CP’; I. 


*, the circle whose centre is C, and which passes through P, must 
pass also through P’, 
But C is the centre of any circle of the system ; 
.. all circles, which pass through P, and have their centres in AB, 
pass also through P’, Q. E.v. 


2. Describe a circle that shall pass through three given points not 
in the same straight line. 
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3. Describe a circle that shall pass through two given points and 
have its centre in a given straight Jine. When is this impossible? 


4. Describe a circle of given radius to pass through two given 
points. When is this impossible? 


5. ABC is an isosceles triangle; and from the vertex A, as centre, 
a circle is described cutting the base, or the base produced, at X and Y. 
Shew that BX=CY. 


6. If two circles which intersect are cut by a straight line 
parallel to the common chord, shew that the parts of it intercepted 
between the circumferences are equal. 


7. If two circles cut one another, any two straight lines drawn 
through a point of section, making equal angles with the common 
chord, and terminated by the circumferences, are equal. [Ex. 12, 
p. 156.) 


8. If two circles cut one another, of all straight lines drawn 
through a point of section and terminated by the circumferences, the 
greatest is that which is parallel to the line joining the centres. 


9, Two circles, whose centres are C and D, intersect at A, B; 
and through A a straight line PAQ is drawn terminated by the 
circumferences: if PC, QD intersect at X, shew that the angle PXQ 
is equal to the angle CAD. 


10. Through a point of section of two circles which cut one 
another draw a straight line terminated by the circumferences and 
bisected at the point of section. 


11. AB is a fixed diameter of a circle, whose centre is C; and 
from P, any point on the circumference, PQ is drawn perpendicular 
to AB; shew that the bisector of the angle CPQ always intersects the 
circle in one or other of two fixed points. 


12. Circles are described on the sides of a quadrilateral as 
diameters: shew that the common chord of any two consecutive 
circles is parallel to the common chord of the other two. [Ex. 9, 
p. 97.] 


13. Two equal circles touch one another externally, and through 
the point of contact two chords are drawn, one in each circle, at 
right angles to each other: shew that the straight line joining their 
other extremities is equal to the diameter of either circle. 


14. Straight lines are drawn from a given external point to the 
circumference of a circle: find the locus of their middle points. 
[Ex. 8, p. 97.] 


15. Two equal segments of circles are described on opposite sides 
of the same chord AB; and through O, the middle point of AB, any 
straight line POQ is drawn, intersecting the arcs of the segments at 
P and Q: shew that OP=OQ, ‘ 
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II. ON THE TANGENT AND THE CONTACT OF CIRCLES. 


See Propositions !1, 12, 16, 17, 18, 19. 


1. All equal chords placed in a given circle touch a fixed concen- 
tric circle, 


2. If from an external point two tangents are drawn to a circle, 
the angle contained by them is double the angle contained by the 
chord of contact and the diameter drawn through one of the points of 
contact. 


3. Two circles touch one another externally, and through tho 
point of contact a straight line is drawn terminated by the circum- 
ferences: shew that the tangents at its extremities are parallel. 


4. Two circles intersect, and through one point of section any 
straight line is drawn terminated by the circumferences: shew that 
the angle between the tangents at its oxtremities is cqual to the angle 
between the tangents at the point of section. 


5. Shew that two parallel tangents to a circle intercept on any 
third tangent a segment which subtends a right angle at the centre. 


6. Two tangents are drawn to a given circle from a fixed external 
point A, and any third tangent cuts them produced at P and Q: shew 
that PQ subtends a constant angle at the centre of the circle. 


7. In any quadrilateral circumscribed about a circle, the sum of 
one pair of opposite sides is equal to the sum of the other pair. 


8. If the sum of one pair of opposite sides of a quadrilateral is 
equal ta the sum of the other pair, shew that a circle may be inscribed 
in the figure. 

[Bisect two adjacent angles of the figure, and so describe a circle to 
touch three of its sides. Then prove indirectly by meuns of the last 
exercise that this circle must also touch the fourth side.] 


9. Two circles touch cne another internally: shew tit of all 
chords of the outer circle which touch the inner, the greatest is that 
which is perpendicular to the straight line joining the centr s. 


10. In any triangle, if a circle is described from the middle point 
of one side as centre and with a radius equal to half the sum of the 
other two sides, it will touch the circles described on these sides as 
diameters. 


11. Through a given poiut, draw a straight line to cut a circle, so 
that the part intercepted by the circumference may be equal to a giver 
straight line. 


In order that the problem may be possible, between what limits 
must the given line lie, when the given poiut is (i) without the circle, 
(ii) within it ? 
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12. A series of circles touch a given straight line at a given point: 
shew that the tangents to them at the points where they cut a given 
parallel straight line all touch a fixed circle, whose centre ia the given 
point. 


13. If two circles touch one another internally, and any third 
circle be described touching both; then the sum of the distances of 
the centre of this third circle from the centres of the two given circles 
is constant. 


14. Find the locus of points such that the pairs of tangents 
drawn from them to a given circle contain a constant angle. 


15. Find a point such that the tangents drawn from it to two 
given circles may be equal to two given straight lines. When is this 
impossible? 


16. If three circles touch one another two and two; prove that 
the tangents drawn to them at the three points of contact are con- 
current and equal, 


Tue Common TanGents ro ''wo CiRcLEs, 


17. To draw acommon tangent to two circles. 


First, if the given circles are external to one another, or if they 
intersect. 

Let A be the centre of the 
greater circle, and B the centre 
of the less. 

From A, with radius equal 
to the diffce of the radii of the 
given circles, describe a circle: 
and from B draw BC to touch 
the last drawn circle. Join AC, 
and produce it to meet the 
greater of the given circles at D. 

Through B draw the radius BE par! to AD, and in the same 
direction. 





Join DE: 
then DE shall be a common tangent to the two given circles. 
For since AC =the diff** between AD and BE, Constr. 
.. CD=BE: 
and CD is par! to BE; Constr. 
“. DE is equal and par! to CB. 1. 33, 
But since BC is a tangent to the circle at C, 
.. the 2 ACB is art. angle; 111. 18, 
hence each of the angles at D and E is a rt. angle: 1, 29. 


.. DE is a tangent to both circles. ‘Q.E.F. 
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It follows from hypothesis that the point B is outside the circle 
used in the construction: 

.. two tangents such as BC may always be drawn to it from B; 
hence two common tangents may always be drawn to the given 
circles by the above method. These are called the direct common 


tangents. 


_ When the given circles are external to one another and do not 
intersect, two more common tangents may be drawn. 


For, from centre A, with a radius equal to the sum of the radii of 

the given circles, describe a circle. 
From B draw a tanyent to this circle; 
and proceed as before, but draw BE in the direction opposite to AD. 

It follows from hypothesis that B is external to the circle used in 
the construction ; 

.. two tangents may be drawn to it from B. 

Hence two more common tangents may be drawn to the given 
circles: these will be found to pass between the given circles, and are 
called the transverse common tangents. 

Thus, in general, four common tangents may be drawn to two 
given circles. 

The student should investiyate for himself the nuinber of common 
tangents which may be drawn in the following special cases, noting 
in each case where the general construction fails, or is modified :— 


(i) When the given circles interscct : 

(ii) When the given circles have external contact : 

(iii) When the given circles have internal contact : 

(iv) When one of the given circles is wholly within the other. 


18. Draw the direct common tangents to two equal circles, 


19. If the two direct, or the two transverse, common tangents 
are drawn to two circles, the parts of the tangents intercepted be- 
tween the points of contact are equal. 


20. If four common tangents are drawn to two circles external to 
one another; shew that the two direct, and also the two transverse, 
tangents intersect on the straight line which joins the centres of the 
circles. 


21. Two given circles have external contact at A, and a direct 
common tangent is drawn to touch them at P and Q: shew that PQ 
subtends a right angle at the point A. 


22. Two circles have external contact at A, and a direct common 
tangent is drawn to touch them at P and Q: shew that a circle 
described on PQ as diameter is touched at A by the straight line 
which joins the centres of the circles. 
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23. Two circles whose centres are C and C’ have external contact 
at A, and a direct common tangent is drawn to touch them at P 
and Q: shew that the bisectors of the angles PCA, QC’A meet at 
right angles in PQ. And if Ris the point of intersection of the 
bisectors, shew that RA is also a common tangent to the circles. 


24. Two circles have external contact at A, and a direct common 
tangent is drawn to touch them at P and Q: shew that the square 
on PQ is equal to the rectangle contained by the diameters of the 
circles. 


25. Draw a tangent to a given circle, so that the part of it 
intercepted by another given circle may be equal to a given straight 
line. When is this impossible? 


26. Draw a secant to two given circles, so that the parts of it 
intercepted by the circumferences may be equal to two given straight 
lines. 


PROBLEMS ON 'TANGENCY, 


The following exercises are solved by the Method of Inter- 
section of Loci, explained on page 117. 

The student should begin by making himself familiar with 
the following loci. 

(i) he locus of the centres of circles which pass through two given 
points. 

(ii) The locus of the centres of circles which touch a given straight 
line at a given point. 

(ili) The locus of the centres of circles which touch a given circle at 
a given point. 

(iv) The locus of the centres of circles which touch a given straight 
line, and have a given radius. 

(v) he locus of the centres of circles which touch a given circle, 
and have a given radius. 

(vi) The locus of the centres of circles which touch two given 
straight lines. 

In each exercise the student should investigate the limits 
wud relatious among the data, in order that the problem may be 
possible. 


27. Describe a circle to touch three given straight lines. 


28. Describe a circle to pass through a given point and touch a 
given straight line at a given point. 


29. Describe a circle to pass through a given point, and touch a 
yiven circle at a given point. 
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80. Describe a circle of given radius to pass through a given 
point, and touch a given straight line. 


81. Describe a circle of given radius to touch two given circles. 


32. Describe a circle of given radius to touch two given straight 
lines. 


33. Describe a circle of given radius to touch a given circle and a 
given straight line. 


34. Describe two circles of given radii to touch one another and 
a given straight line, on the same side of it. 


85. If a circle touches a given circle and a given straight line, 
shew that the points of contact and an extremity of the diameter of 
the given circle at right angles to the given line are collinear. 


86. To describe a circle to touch a given circle, and also to toweha 
given straight line at a given point. 


Let DEB be the given circle, PQ D 
the given st. line, and A the given 
point in it: 
it is required to describe a circle to 
touch the © DEB, and also to touch 
PQ at A. 

At A draw AF perp. toPQ: 1.11. 
then the centre of the required circle 
must lie in AF. mr. 19. 

Find C, the centre of the @ DEB, 

nr. 1, 
and draw a diameter BD perp. to 
PQ: P 
join A to one extremity D, cutting 
the 0° at E. 





Join CE, and produce it to cut AF at F. 
Then F is the centre, and FA the radius of the required circle. 


[Supply the proof: and shew that a second solution is obtained by 
joining AB, and producing it to meet the O°: 
also distinguish between the nature of the contact of the circles, when 
PQ cuts, touches, or is without the given circle.] 


87. Describe a circle to touch a given straight line, and to touch 
a given circle at a given point. 


88. Describe a circle to touch a given circle, have its centre in & 
given straight line, and pass through a given point in tnat straight 
line. 


[For other problems of the same class see page 235.] 
H. E. 15 
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OrrHoGconal CIRCLES. 


DeFIniTIon. Circles which intersect at a point, so that the 
two tangents at that point are at right angles to one another, 
are said to be orthogonal, or to cut one another ortho- 
gonally. 


89. In two intersecting circles the angle between the tangents 
at one point of intersection is equal to the angle between the tangents 
at the other. 


40. If two circles cut one another orthogonally, the tangent to 
each circle at a point of intersection will pass through the centre of 
the other circle. 


41. If two circles cut one another orthogonally, the square on the 
distance between their centres is equal to the sum of the squares on 
their radit. 


42. Find the locus of the centres of all circles which cut a given 
circle orthogonally at a given point, 


43. Describe a circle to pass through a given point and cut a 
given circle orthogonally at a given point. 


III, ON ANGLES IN SEGMENTS, AND ANGLES AT THE 
CENTRES AND CIRCUMFERENCES OF CIRCLES. 


See Propositions 20, 21, 22; 26, 27, 28, 29; 31, 32, 33, 34. 


1. If two chords intersect within a circle, they form an angle equal 
to that at the centre, subtended by half the sum of the arcs they cut off. 


Let AB and CD be two chords, intersecting 
at E within the given ©ADBC: 
then shall the 4 AEC be equal to the angle at C 
the centre, subtended by half the sum of the 
arcs AC, BD. 


Join AD. B 
Then the ext. 4 AEC=the sum of the int. 
opp. 2*EDA, EAD; 
that is, the sum of the 2*CDA, BAD. A D 
But the 2*CDA, BAD are the angles at 
the o* subtended by the arcs AC, BD; 
-. their sum=half the sum of the angles at the centre subtended by 
the same arcs; 
or, the 4 AEC=the angle at the centre subtended by half the sum of 
the arcs AC, BD. Q. E. D. 
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2. If twochords when produced intersect outside a circle, they form 
an angle equal to that at the centre subtended by half the difference of 
the arcs they cut off. 


3. The sum of the ares cut off by two chords of a circle at right 
angles to one another is equal to the semi-cireumference. 


4. AB, AC are any two chords of a circle; and P, Q are the 
middle points of the minor arcs cut off by them: if PQ is joined, 
cutting AB and AC at X, Y, shew that AX=--AY. 


5. If one side of a quadrilateral inscribed ina cirele is produced, 
the exterior angle is equal to the opposite interior angle, 


6. If two circles intersect, and any straight lines are drawn, one 
through each point of section, terminated by the circumferences; 
shew that the chords which join their extremities towards the same 
parts are parallel. 


7. ABCD isa quadrilateral inscribed ina cirele; and the opposite 
sides AB, DC are produced to meet at P, and CB, DA to meet at Q: 
if the circles circumscribed about the triangles PBC, QAB intersect 
at R, shew that the points P, R, Q are collinear. 


8. Ifa circle is described on one of the sides of a right-angled 
triangle, then the tangent drawn to it at the point where it cuts the 
hypotenuse bisects the other side. 


9. Given three pcints not in the same straight line: shew how 
to find any number of points on the circle which passes through them, 
without finding the centre. 


10. Through any one of three given points not in the same 
straight line, draw a tangent to the circle which passes through them, 
without finding the centre. 


11. Of two circles which intersect at A and B, the circumference 
of one passes through the centie of the other: from A any straight 
line is drawn to cut the first at C, the second at D; shew that CB -CD. 


12. Two tangents AP, AQ are drawn to a circle, and B 1s the 
middle point of the are PQ, convex to A. Shew that PB Insects the 
angle APQ. 


18. Two circles intersect at A and B; and at A tangents are 
drawn, one to each circle, to meet the circumferences at C and D: if 
CB, BD are joined, shew that the triangles ABC, DBA are equianyular 
to one another. 


14. Two segments of circles are described on the same chord and 
on the same side of it; the extremities of the common chord are joined 
to any point on the arc of the exterior segment: shew that the are 
intercepted on the interior segment is constant. 


15-9 
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15. If a series of triangles are drawh standing on a fixed base, 
nnd having a given vertical angle, shew that the bisectorsa of the verti- 
cal angles all pass through a fixed point. 


16. ABC is a triangle inscribed in a circle, and E the middle 
point of the arc subtended by BC on the side remote from A: if 
through E a diameter ED is drawn, shew that the angle DEA is half 
the difference of the angles at Band C. [See Ex. 7, p. 101.] 


17. If two circles touch each other internally at a point A, any 
chord of the exterior circle which touches the interior is divided at its 
point of contact into segments which subtend equal angles at A. 


18. If two circles touch one another internally, and a straight 
line is drawn to cut them, the segments of it intercepted between the 
circumferences subtend equal angles at the point of contact. 


Tor ORTHOCENTRE OF A TRIANGLE, 


19. The perpendiculars drawn from the vertices of a triangle to 
the opposite sides are concurrent. 


In the AABC, let AD, BE be the 
perp drawn from A and B to the oppo- 
site sides; and let them intersect at O. 
Join CO; and produce it to meet AB 
at F. 


It is required to shew that CF is perp. 


to AB. 
Join DE. 


Then, because the 2*OEC, ODC are : DC 
rt, angles, Hyp. 
.. the points O, E, C, D are concyclic: 
.. the 2 DEC=the Zz DOC, in the same segment; 
=the vert. opp. 4 FOA. 


Again, because the 2 * AEB, ADB are rt. angles, Hyp. 
.. the points A, E, D, B are concyclic: 
.. the 2 DEB=the 2 DAB, in the same segment. 


- the sum of the 2* FOA, FAO=the sum of the 2* DEC, DEB 
=a rt. angle: Hyp. 
.. the remaining 4 AFO=art. angle: 1. 82, 
that is, CF is perp. to AB. 
Hence the three perp* AD, BE, CF meet at the point O. Q.£.D. 





(For an Alternative Proof see page 106.) 
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DEFINITIONS. 


(i) The intersection of the perpendiculars drawn from the 
vertices of a triangle to the opposite sides is called its ortho- 
centre. 


(ii) The triangle formed by joining the feet of the perpendi- 
culars is called the pedal or orthocentric triangle. 


20. In an acute-angled triangle the perpendiculars drawn from 
the vertices to the opposite sides bisect the angles of the pedal triangle 
through which they pass, 


In the acute-angled A ABC, let AD, 
BE, CF be the perp* drawn from the 
vertices to the opposite sides, meeting 
ut the orthocentre O; and let DEF be 
the pedal triangle : 
then shall AD, BE, CF bisect respect- 

ively the 2* FDE, DEF, EFD. 


For, as in the last theorem, it may 
be shewn that the points O, D, C, E are 
concyclic; 

.. the 2 ODE=the 2 OCE, in the same segment. 


Similarly the points O, D, B, F are concyclic; 
.. the 2 ODF=the z OBF, in the same segment. 


But the ZOCE=the Zz OBF, each being the comp* of the 2 BAC. 
.. the 4 ODE=the z ODF. 


Similarly it may be shewn that the 2*DEF, EFD are bisected by 
BE and CF. Q.E.D. 


Corouuary. (i) very two sides of the pedal triangle are equally 
inclined to that side of the original triangle in which they meet, 


For the 4 EDC=the compt of the 2 ODE 
=the comp! of the 2 OCE 
=the 24 BAC. 


Similarly it may be shewn that the 2 FOB=the Z BAC, 
.. the 2 EDC=the 2 FDB=the z A. 


In like manner it may be proved that 
the 4 DEC=the 2 FEA=the z B, 
and the 4 DFB=the 2 EFA=the z C. 


CornouuaRy. (ii) The triangles DEC, AEF, DBF are equiangular 
to one another and to the triangle ABC. 


Nore. Ifthe angle BAC is obtuse, then the perpendiculars BE, CF 
bisect externally the corresponding angles of the pedal triangle. 
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21. In any triangle, if the perpendiculars drawn from the vertices 
on the opposite sides are produced to meet the circumscribed circle, 
then each side bisects that portion of the line perpendicular to it which 
lies between the orthocentre and the circumference. 


Let ABC be a triangle in which the perpen- 
diculars AD, BE are drawn, intersecting at O the 
orthocentre; and let AD be produced to mect 
the o°° of the circumscribing circle at G: 

then shall DO=DG. 






Join BG. 
Then in the two A* OEA, ODB, B’ ~ D/C 
the 4 OEA=the z ODB, being rt. angles; en G 


and the 2 EOA=the vert. opp. 2 DOB; 
.. the remaining 2 EAO=the remaining 2 DBO. 1. 32, 


But the 4 CAG=the Z CBG, in the same segment; 
.. the 2 DBO=the Z DBG. 


Then in the a* DBO, DBG, 


(the Z DBO=the z DBG, Proved. 
because {the 2 BDO=the z BDG, 
| and BD is common; 
.. DO=DG. 1. 26. 
Q. E. D. 


22. In an acute-angled triangle the three sides are the external 
bisectors of the angles of the pedal triangle: and in an obtuse-angled 
triangle the sides containing the obtuse angle are the internal bisectors 
of the corresponding angles of the pedal triangle. 


23. If O is the orthocentre of the triangle ABC, shew that the 
angles BOC, BAC are supplementary. 


24, If O is the orthocentre of the triangle ABC, then any one of 
the four points O, A, B, C is the orthocentre of the triangle whose 
vertices are the other three. 


25. The three circles which pass through two vertices of a triangle 
and its orthocentre are each equal to the circle circumscribed about the 


triangle. 


26. D,E are taken on the circumference of a semicircle described 
on a given straight line AB: the chords AD, BE and AE, BD 
intersect (produced if necessary) at F and G: shew that FG is per- 
pendicular to AB. 


27. ABCD is a parallelogram; AE and CE are drawn at right 
angles to AB, and CB respectively: shew that ED, if produced, will 
be perpendicular to AC, 
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28. ABC is a triangle, O is its orthocentre, and AK a diameter 
of the circumscribed circle: shew that BOCK is a parallelogram. 


29. The orthocentre of a triangle is joined to the middle point of 
the base, and the joining line is produced to meet the circumscribed 
circle: prove that it will meet it at the same point as the diameter 
which passes through the vertex. 


30. The perpendicular from the vertex of a triangle on the base, 
and the straight line joining the orthocentre to the middle point of 
the base, are produced to meet the circumscribed circle at P and Q: 
shew that PQ is parallel to the base. 


831. The distance of each vertex of a triangle frum the orthocentre 
78 double of the perpendicular drawn from the centre of the circum- 
scribed circle on the opposite side, 


32. Three circles are described each passing through the ortho- 
centre of a triangle and two of its vertices: shew that the triangle 
formed by joining their centres is equal in all respects to the original 
triangle. 


33. ABC isa triangle inscribed in a circle, and the bisectors of it# 
angles which intersect at O are produced to meet the circumference in 
PQR: shew that O is the orthocentre of the triangle PQR. 


34. Construct a triangle, having given a vertex, the orthocentre, 
and the centre of the circumscribed circle. 


Loci. 


35. Given the base and vertical angle of u triangle, find the locus 
of its orthocentre. 


Let BC be the given base, and X the 
given angle; and let BAC be any triangle 
on the base BC, having its vertical 2 A 
equal to the zZ X. 

Draw the perp" BE, CF, intersecting 
at the orthocentre O. 

It is required to find the locus of O. 

Since the Z * OFA, OEA are rt. angles, 
.. the points O, F, A, E are concyclic ; B Cc 
“the Z FOE is the supplement of the Zz A: 11, 22. 

.. the vert. opp. 4 BOC is the supplement of the z A. 


But the z Ais constant, being always equal to the z X; 
.. its supplement is constant; 
that is, the A BOC has a fixed base, and constant vertical angle; 
hence the locus of its vertex O is the arc of a segment of which BC is 
the chord. [See p. 187.] 
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86. Given the base and vertical angle of a triangle, find the locus 
of the intersection of the bisectors of its angles. 


Let BAC be any triangle on the given A 
base BC, having its vertical angle equal to x 
the given 4 X; and let Al, BI, Cl be the /\ 





bisectors of its angles: [see Ex. 2, p. 103.] 
it is required to find the locus of the 
point |. 


Denote the angles of the A ABC b 
A,B,C; and let the 2 BIC be denoted by I. 


Then from the a BIC, B Q 
(i) 1+3B+4C=two rt. angles, 1. 82. 

and from the A ABC, 
A+B+C=two rt. angles; 1, 32. 


(ii) so that 4A+4B+4C=one rt. angle, 
.., taking the differences of the equals in (i) and (ii), 
!-4A=one rt. angle: 
or, !=one rt. angle + 4A. 
But A is constant, being always equal to the Z X; 
! is constant : 


., 8ince the base BC is fixed, the locus of | is the arc of a segment 
of which BC is the chord. 


37. Given the base and vertical angle of a triangle, find the locus 
of the centroid, that is, the intersection of the medians. 


Let BAC be any triangle on the given 
base BC, having its vertical angle equal 
to the given angle S; let the medians AX, 
BY, CZ intersect at the centroid G [see 
Ex. 4, p. 105]: 
it is required to find the locus of the point G. 

Through G draw GP, GQ par! to AB 
and AC respectively. 

Then ZG is a third part of ZC; 

Ex. 4, p. 105. 
and since GP is par! to ZB, 
.. BP is a third part of BC. Ex. 19, p. 99. 
Similarly QC is a third part of BC; 
. P and Q are fixed points. 





Now since PG, GQ are par! respectively to BA, AC, Constr. 
.. the 2 PGQ=the z BAC, 1. 29. 
=the z S, 


that is, the 2 PGQ is constant; 
and since the base PQ is fixed, 
. the locus of G is the arc of a segment of which PQ is the chord. 
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Obs. In this problem the points A and G move on the arcs of 
similar segments. 


38. Given the base and the vertical angle of a triangle; find the 
locus of the intersection of the bisectors of the exterior base angles. 


39. Through the extremities of a given straight line AB any two 
parallel straight lines AP, BQ are drawn; find the locus of the inter- 
section of the bisectors of the angles PAB, QBA. 


40. Find the locus of the middle points of chords of a circle drawn 
through a fixed point. 

Distinguish between the cases when the given pvint is within, 
on, or without the circumference. 


41. Find the locus of the points of contact of tangenty drawn 
from a fixed point to a system of concentric circles. 


42. Find the locus of the intersection of straight lines which pass 
through two fixed points on a circle and intercept on its circumference 
un arc of constant length. 


43. A and B are two fixed points on the circumference of a circle, 
and PQ is any diameter: find the locus of the intersection of PA and 
B. 


44. BAC is any triangle described on the fixed base BC and 
having a constant vertical angle; and BA is produced to P, so that 
BP is equal to the sum of the sides containing the vertical angle: find 
the locus of P. 


45. AB is a fixed chord of a circle, and AC is a moveable chord 
passing through A: if the parallelogram CB is completed, find the 
locus of the intersection of its diagonals. 


46. A straight rod PQ slides between two rulers placed at right 
angles to one another, and froin its extremities PX, QX are drawn 
perpendicular to the rulers: find the locus of X. 


47. Two circles whose centres are C and D, intersect at A and B: 
through A, any straight line PAQ is drawn terminated by the circum- 
ferences; and PC, QD intersect at X: find the locus of X, and shew 
that it passes through B. [Ex. 9, p. 216.] 


48, Two circles intersect at A and B, and through P, any point 
on the circumference of one of them, two straight lines PA, PB 
are drawn, and produced if necessary, to cut the other circle at X 
and Y: find the locus of the intersection of AY and BX. 


49. Two circles intersect at A and B; HAK is a fixed straight 
line drawn through A and terminated by the circumferences, and 
PAQ is any other straight line similarly drawn. find the locus of the 
interscclion of HP and QK, 
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50. Two segments of circles are on the same chord AB and on 
the same side of it; and P and Q are any points one on each arc; 
find the locus of the intersection of the bisectors of the angles PAQ, 
PBQ. 


51. Two circles intersect at A and B; and through A any straight 
line PAQ is drawn terminated by the circumferences: find the locus of 
the middle point of PQ. 


MISCELLANEOUS EXAMPLES oN ANGLES IN A CIRCLE. 


52. ABC isa triangle, and circles are drawn through B, C, cutting 
the sides in P, Q, P’, Q’,...: shew that PQ, P’Q’ ... are parallel to one 
another and to the tangent drawn at A to the circle circumscribed 
about the triangle. 


53. Two circles intersect at B and C, and from any point A, on 
the circumference of one of them, AB, AC are drawn, and produced if 
necessary, to meet the other at D and E: shew that DE is parallel to 
the tangent at A. 


54. A secant PAB and a tangent PT are drawn to a circle from 
nn external point P; and the bisector of the angle ATB meets AB at 
C: shew that PC is equal to PT, 


55. From a point A on the circumference of a circle two chords 
AB, AC are drawn, and also the diameter AF: if AB, AC are produced 
to meet the tangent at F in D and E, shew that the triangles ABC, 
AED are cquiangular to one another, 


56. O is any point within a triangle ABC, and OD, OE, OF are 
drawn perpendicular to BC, CA, AB respectively : shew that the 
anzle BOC is equal to the sum of the angles BAC, EDF. 


57. If two tangents are drawn to a circle from an external point, 
shew that they contain an angle equal to the difference of the angles 
in the segments cut off by the chord of contact. 


58. Two circles intersect, and through a point of section a straight 
line is drawn bisecting the angle between the diameters through that 
point: shew that this straight line cuts off similar segments from the 
two circles, 


59. Two equal circles intersect at A and B; and from centre 
A, with any radius less than AB a third circle is described cutting the 
given circles on the same side of AB at C and D: shew that the points 
B, C, D are collinear. 


60. ABC and A’/B’C’ are two triangles inscribed in acircle, so that 
AB, AC are respectively parallel to A’B’, A’C’: shew that BC’ is 
parallel to B’C. ; 
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_ 61. Two circles intersect at A and B, and through A two straight 

lines HAK, PAQ are drawn terminated by the circumferences: if 
HP and KQ intersect at X, shew that the points H, B, K, X are 
concyclic. 


62. Describe a circle touching a given psiraight line at a given 
point, so that tangents drawn to it from two fixed points in the given 
line may be parallel. [See Ex. 10, p. 183.] 


63. C is the centre of a circle, and CA, CB two fixed radii: if 
from any point P on the arc AB perpendiculars PX, PY are drawn to 
CA and CB, shew that the distance XY is constant. 


64. AB is a chord of a circle, and P any point in its cirewn- 
ference; PM is drawn perpendicular to AB, and AN is drawn perpen- 
dicular to the tangent at P: shew that MN is parallel to PB. 


65. P is any point on the circumference of a circle of which AB is 
a fixed diameter, and PN is drawn perpendicular to AB; on AN and 
BN as diameters circles are described, which are cut by AP, BP 
at X and Y: shew that XY is a common tangent to these circles. 


66. Upon the same chord and on the same side of it three seg- 
ments of circles are described containing respectively a given angle, 
its supplement and a right angle: shew that the intercept made by the 
two former segments upon any straight line drawn through an ex- 
tremity of the given chord is bisected by the latter segment. 


67. Two straight lines of indefinite length touch a given circle, 
and any chord is drawn so as to be bisected by the chord of contuct : 
if the former chord is produced, shew that the intercepts between the 
circumference and the tangents are equal. 


68. Two circles intersect one another: through one of the points 
of contact draw a straight line of given length terminated by the cir- 
cumferences. 


69. On the three sides of any triangle equilateral trianyles are 
described remote from the given triangle: shew that the circles de- 
scribed about them intersect at a point. 


70. On BC, CA, AB the sides of a triangle ABC, any points 
P, Q, R are taken; shew that the circles described about the tuanyles 
AQR, BRP, CPQ meet in a point. 


71, Find a point within a triangle at which the sides sublend 
equal angles. 


72. Describe an equilateral triangle so that its sides may pu - 
through three given points. 


73. Describe a triangle equal in all respects to a given triangle, 
and having its sides passing through three given points. 
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Srmson’s Line. 


74. If from any point on the circumference of the circle circum- 
scribed about a triangle, perpendiculars are drawn to the three sides, the 
feet of these perpendiculars are collinear. 


Let P be any point on the o° of the 
circle circumscribed about the A ABC; 
and let PD, PE, PF be the perp* drawn 
from P to the three sides. 

It is required to prove that the points 
D, E, F are collinear. 

Join FD and DE: 
then FD and DE shall be in the same 
st. line. 


A 





Join PB, PC. 


Because the 2* PDB, PFB are rt. angles, Hyp. 
., the points P, D, B, F are concylic: 
.. the 2 PDF=the 2 PBF, in the same segment. irr. 21, 
But since BACP is a quad! inscribed in a circle, having one of its 
sides AB produced to F, 
.. the ext. 2 PBF=the opp. int. Z ACP. Ez. 3, p, 188. 
.. the 2 PDF=the z ACP. 
To each add the 2 PDE: 
then the 24* PDF, PDE=the z*ECP, PDE. 
But since the 2" PDC, PEC are rt. angles, 
.. the points P, D, E, C are concylic ; 
.. the 2° ECP, PDE together=two rt. angles: 
.. the 2* PDF, PDE together=two rt. angles; 
.. FD and DE are in the same st. line; 1, 14, 
that is, the points D, E, F are collinear. Q.E.D. 


[The line FDE is called the Pedal or Simson’s Line of the triangle 
ABC for the point P ; though the tradition attributing the theorem to 
Robert Simson has becn recently shaken by the researches of Dr. J. S. 
Mackay. | 


75. ABC isa triangle inscribed in a circle; and from any point P 
on the circumference PD, PF are drawn perpendicular to BC and AB: 
if FD, or FD produced, cuts AC at E, shew that PE is perpendicular 
to AC. 


76. Find the locus of a point which moves so that if perpendicu- 
lars are drawn from it to the sides of a given triangle, their feet are 
collinear. 


77. ABC and AB’C’ are two triangles having a common vertical 
angle, and the circles circumscribed about them meet again at P: shew 
that the feet of perpendiculars drawn from P to the four lines AB, AC, 
BC, B’C’ are sollincar. . 
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78. A triangle is inscribed in a circle, and any point P on the cir- 
cumference is joined to the orthocentre of the triangle: shew that this 
joining line is bisected by the pedal of the point P. 


TV. ON THE CIRCLE IN CONNECTION WITH RECTANGLES, 
See Propositions 35, 36, 37. 


I. If from any external point P two tangents are drawn to a 
given circle whose centre is O, and if OP meets the chord of contact 
at Q; then the rectangle OP, OQ is equal to the square on the radius. 


Let PH, PK be tangents, drawn from 
the external point P to the Gc HAK, whose 
centre is O; and let OP meet HK the 
chord of contact at Q, and the O° at A: 
then shall the rect. OP, OQ=the sq. on 
OA. 


On HP as diameter describe a circle : 
this circle must pass through Q, since the 
Z HQP is a rt. angle. m1, 31. 

Join OH. 
Then since PH is a tangent to the @ HAK, 
.. the Z OHP isa rt. angle. 
And since HP is a diameter of the © HQP, 





.*. OH touches the © HQP at H. ut, 16. 
.*. the rect. OP, OQ=the 8q. on OH, 111. 36. 
=the sy. on OA. Q. K. De 


2. ABC is a triangle, and AD, BE, CF the perpendiculars drawn 
from the vertices to the opposite sides, meeting in the orthocentre O: 
shew that the rect. AO, OD= ihe rect. BO, OE =the rect. CO. OF. 


8. ABC is a triangle, and AD, BE the perpendiculars drawn 
from A and B on the upposite sides: shew that the rectangle CA, CE 
is equal to the rectangle CB, CD. 


4. ABC isa triangle right-angled at C, and from D, any point in 
the hypotenuse AB, a straight line DE is drawn perpendicular to AB 
and meeting BC at E: shew that the square on DE is equal to 
the difference of the rectangles AD, DB and CE, EB. 


5. From an external point P two tangents are drawn to a 
given circle whose centre is O, and OP meets the chord of contact 
at Q: shew that any circle which passes through the points P, Q 
will cut the given circle orthogonally. [See Def. p. 222.] 
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6. A series of circles pass through two given points, and from a 
Jixed point in the common chord produced tangents are drawn to all the 
circles: shew that the points of contact lie on a circle which cuts 
all the given circles orthogonally. 


7. All circles which pass through a fixed point, and cut a given 
circle orthogonally, pass also through a second fixed point. 


8. Find the locus of the centres of all circles which pass through 
a given point and cut a given circle orthogonally. 


9. Describe a circle to pass through two given points and cut a 
given circle orthogonally. 


10. A, B, C, D are four points taken in order on a given straight 
line: find a point O between B and C such that the rectangle 
OA, OB may be equal to the rectangle OC, OD, 


11. AB is a fixed diameter of a circle, and CD a fixed straight 
line of indefinite length cutting AB or AB produced at right angles ; 
any straight line is drawn through A to cut CD at P and the circle at 
Q: shew that the rectangle AP, AQ is constant. 


12. AB is a fixed diameter of a circle, and CD a fixed chord 
at right angles to AB; any straight line is drawn through A to 
cut CD at P and the circle at Q: shew that the rectangle AP, AQ 
is equal to the square on AC, 


18. A is a fixed point and CD a fixed straight line of indefinite 
length; AP is any straight line drawn through A to meet CD at P; 
and in AP a point Q is taken such that the rectangle AP, AQ is 
constant: find the locus of Q. 


14. Two circles intersect orthogonally, and tangents are drawn 
from any point on the circumference of one to touch the other: prove 
that the first circle passes through the middle point of the chord of 
contact of the tangents. [Ex. 1, p. 233.] 


15. <A semicircle is described on AB as diameter, and any two 
chords AC, BD are drawn intersecting at P: shew that 
AB?=AC. AP+BD. BP. 


16. Two circles intersect at B and C, and the two direct common 
tangents AE and DF are drawn: if the common chord is produced to 
meet the tangents at G and H, shew that GH?=AE?+ BC?, 


17. If from a point P, without a circle, PM is drawn perpendicular 
to a diameter AB, and also a secant PCD, shew that 


PM?=PC . PD+AM. MB. ‘ 
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18. Three circles intersect at D, and their other points of inter- 
section are A, B,C; AD cuts the cirnle BDC at E, and EB, EC cut 
the circles ADB, ADC respectively at F and G: shew that the points 
F, A, G are collinear, and F, B, C, G coneyclic. 


19. A semicircle is described on a viven diameter BC, and from 
B and C any two chords BE, CF are drawn intersecting within 
the semicircle at O; BF and CE are produced to mect at A: shew 
that the sum of the squares on AB, AC is equal to twice the square on 
the tangent from A together with the square on BC. 


20. X and Y are two fixed points in the diameter of a circle 
equidistant from the centre C: through X any chord PXQ is drawn, 
and its extremities are joined to Y; shew tnat the sum of the 
Re oa] on the sides of the triangle PYQ is constant. [See p. 147, 

x. 24. 


PROBLEMS ON TANGENCY, 


21. To describe a circle to pass through two given points and to 
touch a given straight line. 


Let A and B be the given points, 
and CD the given st. line: 
it is required to describe a circle to 
pass through A and B and to touch 
CD. 


Join BA, and produce it to mneet ae 





CD at P. 
Describe a square equal to the CG P D 
rect. PA, PB; 11. 14. 


and from PD (or PC) cut off PQ equal to a side of this square. 


Through A, B and Q describe a circle. Ex. 4, p. 146. 
Then since the rect. PA, PB=the sq. on PQ, 

.*. the © ABQ touches CD at Q. mu. 37, 

i oa 


Norr. (i) Since PQ may be taken on either side of P, it is 
clear that there are in general two solutions of the problem. 


(ii) When AB is parallel to the given line CD, the above method 
is not applicable. In this case a simple construction follows from 
mr. 1, Cor. and mt 16° and it will be found that only one solution 


exists, 
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22. To describe a circle to pass through two given points and 
to touch a given circle. 


Let A and B be the given R 
points, and CRP the given 
circle: 
it is required to describe a 





circle to pass through A and 
B, and to touch the © CRP. 


Through A and B de- 
scribe any circle to cut the 
given circle at P and Q. ee 

Join AB, PQ, and pro- D 
duce them to meet at D. 

From D draw DC to touch the given circle, and let C be the point 
of contact. 

ei the circle described through A, B, C will touch the given 
circle. 


For, from the © ABQP, the rect. DA, DB=the rect. DP, DQ: 


and from the © PQC, the rect. DP, DQ=the sq. on DC; 111, 36. 
.. the rect. DA, DB=the sq. on DC: 


... DC touches the © ABC at C. 11. 37. 

But DC touches the © PQC at C; Constr. 

.. the © ABC touches the given circle, and it passes through the 
given points A and B. Q.E.F. 


Norg. (i) Since two tangents may be drawn from D to the 
given circle, it follows that there will be two solutions of the problem. 


(ii) The general construction fails when the straight line bisect- 
ing AB at right angles passes through the centre of the given circle: 
the problem then becomes symmetrical, and the solution is obvious. 


28. To describe a circle to pass through a given point and to 
touch two given straight lines. 


Let P be the given point, and 
AB, AC the given straight lines: 
it is required to describe a circle 
to pass through P and to touch 
AB, AC. 


Now the centre of every circle 
which touches AB and AC must 
lie on the bisector of the 2 BAC. 

Ex. 7, p. 183. 

Hence draw AE bisecting the 
Z BAC. 

From P draw PK perp. to AE, and produce it to P’, 
making KP’ equal to PK. : 
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Then every circle which has its centre in AE, and passes through 
P, must also pass through P’. Kix. 1, p. 215. 
Hence the problem is now reduced to drawing a circle through 
P and P’ to touch either AC or AB. Ex. 21, p. 235, 
Produce P’P to meet AC pt S. 
Describe a square equal to the rect. SP, SP’; i. 14, 
and cut off SR equal to a side of the square. 
Describe a circle through the points P’, P, R. 


then since the rect. SP, SP’ =the sq. on SR, Constr. 
.*. the circle touches AC at R; wir. 37, 

and since its centre is in AE, the bisector of the 2 BAC, 
it may be shewn also to touch AB. Q. BK. F. 


Nore. (i) Since SR may be taken on either side of S, it follows 
that there will be two solutions of the problem. 


(ii) Ifthe given straight lines are parallel, the centre lies on the 
parallel straight line mid-way between them, and the construetion 
proceeds as before. 


24. To describe a cirele to touch two given straight lines and a 
given circle. 

Let AB, AC be the two given 
st. lines, and D the centre of the 
given circle: 
it is required to describe a circle 5 
to touch AB, AC and the circle G- ~ 
whose centre is D. 


Draw EF, GH puar' to AB 
and AC respectively, on the sides 
remote from D, and at distances 
from them equal to the radius of 
the given circle. 

Describe the © MND to touch EF and GH at M and N, and 
to pass through D. Ex, 22, p. 236. 

Let O be the centre of this circle. 

Join OM, ON, OD meeting AB, AC and the given circle ut P,Q 
ana R. 

Then a circle described from centre O with radius OP will touch 
AB, AC and the given circle. 


For since O is the centre of the © MND, 





But PM=QN=RD,; 
.. OP=OQ=OR. 
-- a circle described from centre O, with radius OP, will pags through 
Q and R. 
And since the 4* at M and N are rt. angles, 111, 18. 
.. the Z* at P and Q are rt. angles ; 1, 29, 
.. the © PQR touches AB and AC, 


H. E. 16 
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And since R, tle point in which the circles meet, is on the line of 
centres OD, 


.*. the © PQR touches the given circle. Q. E. F. 


Nort. There will be two solutions of this problem, since two 
circles may be drawn to touch EF, GH and to pass through D. 


25. To describe a circle to pass through a given point and touch a 
given straight line and a given circle. 


Tet P be the given point, AB the 
given at. line, and DHE the given 
circle, of which C is the centre: 
it is required to describe a circle to 
pass through P, and to touch AB 
and the @ DHE. 


Through C draw DCEF perp. to 
AB, cutting the circle at the points 
D and E, of which E is between C 
and AB. 





Join DP; i. 
and by describing a circle through 
F, E, and P, find a point K in DP (or DP produced) such that the 
rect. DE, DF =the rect, DK, DP. 


Describe a circle to pass through P, K and touch AB: Ex. 21, p. 235. 
This circle shall also touch the given © DHE. 


For let G be the point at which this circle touches AB. 
Join DG, cutting the given circle DHE at H. 


Join HE. 
Then the 2 DHE is art. angle, being in a semicircle. m1. 31. 
also the angle at F is a rt. angle; Constr. 
‘. the points E, F, G, H are concyclic: 
.. the rect. DE, ODF =the rect. DH, DG: 111. 36. 
but the rect. DE, DF =the rect. DK, DP: Constr. 


-, the rect. DH, DG=the rect. DK, DP: 
*. the point H is on the © PKG. 


Let O be the centre of the © PHG. 
Join OG, OH, CH. 
Then OG and DF are par’, since they are both perp. to AB; 
and DG meets them. 
*, the 2 OGD=the z GDC. 1. 29, 
But since OG=OH, and CD=CH, 
+, the Z OGH= the ZOHG; and the 2 CDH= the ZCHD: 
*. the Z OHG = the 2 CHD; 
a OH and CH are in one st. line. 
*. the © PHG touches the given © DHE. Q. EK F. 
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Norr. (i) Since two circles may be drawn to pass through 
P, K and to touch AB, it follows that there will be tae solutions 
of the present problem. 


(ii) Two more solutions may be obtained by joining PE, and 
proceeding as before. YJ g PE, an 


The student should examine the nature of the contact between the 
circles in each case. 


26. Describe a circle to pass throngh a given point, to touch 
7 given straight line, and to have its centre on another given straight 
ine. 


27. Describe a circle to pass through a given point, to touch 
& given circle, and to have its centre on a given straight line. 


_ 28. Describe a circle to pass through two given points, and to 
intercept an arc of given length on a given circle. 


_ 29. Describe a circle to touch a given circle and a given straight 
line at a given point. 


30. Describe a circle to touch two given circles and a given 
straight line. 


Vv. ON MAXIMA AND MINIMA. 


We gather from the Theory of Loci that the position of an 

angle, line or figure is capable under suitable conditions of 

radual change ; and it is usually found that change of position 
involves a corresponding and gradual change of ageuae 


Under these circumstances we may be required to note if 
any situations exist at which the magnitude in question, after 
increasing, begins to decrease; or after decreasing, to increase: 
jn such situations the Magnitude is said to have reached a 
Maximum or a Minimum value; for in the former case it is 

ter, and in the latter case less than in adjacent situations 
on either side. In the geometry of the circle and straight line 
we only meet with such cases of continuous change as admit. of 
one transition from an increasing to a decreasing state—or vice 
versi—so that in all the problems with which we have to deal 
(where a single circle is involved) there can be only one Maximum 
and one Minimum—the Maximum being the greatest, and the 
Minimum being the least value that the variable magnitude is 
capable of taking. 


16-2 
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Thus a variable geometrical magnitude reaches its maximum 
or minimum value at a turning pout, towards which the magni- 
tude may mount or descend from either side: it is natural there- 
fore to expect a maximum or minimum value to occur when, in 
the course of its change, the magnitude assumes a symmetrical 
form or position; and this is usually found to be the case. 


This general connection between a symmetrical form or posi- 
tion and a maximum or minimum value is not exact enough to 
constitute a proof in any particular problem; but by means of 
it a situation is suggested, which on further examination may be 
shewn to give the maximum or minimum value sought for. 


For example, suppose it is required 
to determine the greatest straight line that may be drawn perpen- 
dicular to the chord of a segment of a circle and intercepted 
between the chord and the are: 


we immediately anticipate that the greatest perpendicular is 
that which occupies a symmetrical position in the figure, namely 
the perpendicuiar which passes through the middle point of the 
chord; and on further examination this may be proved to be the 
case by means of 1. 19, and 1. 34. 


Again we are able to find at what point a geometrical magni- 
tude, varying under certain conditions, assumes its Maximum or 
Minimum value, if we can discover a construction for drawing 
the magnitude so that it may have an assigned value: for wo 
may then examine between what limits the assigned value must 
lie in order that the construction may be possible; and the 
higher or lower limit will give the Maximum or Minimum 
sought for. 


It was pointed out in the chapter on the Intersection of Loci, 
[see page 119] that if under certain conditions existing among 
the data, two solutions of a problem are possible, and under other 
conditions, xo solution exists, there will always be some inter- 
mediate condition under which one and only one distinct solution 
is possible. 


Under these circumstances this single or limiting solution 
will always be found to correspond to the maximum or minimum 
value of the magnitude to be constructed. 


1, For example, suppose it is required 
to divide a given straight line so that the rectangle contained by the 
two segments may be a maximum. 

We may first attempt to divide the given straight line so that the 
rectangle contained by its segments may have a given area—that is, 
pe equal to the square on a given straight line, ‘ 
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Let AB be the given straight line, and K the side of the given 
square : 





it is required to divide the st. line AB at a point M, so that 
the rect. AM, MB may be equal to the sq. on K. 

Adopting a construction suggested by 11. 14, 

describe a semicircle on AB; and at any puint X in AB, or AB 
produced, draw XY perp. to AB, and equal to K. 

Elaphe Y draw YZ par! to AB, to meet the arc of the semicircle 
at P. 

Then if the perp. PM is drawn to AB, it may be shewn after the 
manner of 11. 14, or by 11. 35 that 

the rect. AM, MB =the sq. on PM. 
= the sq. on K. 

So that the rectangle AM, MB increases as K increases. 

Now if K is less than the radius CD, then YZ will meet the aro 
of the semicircle in two points P, P’; and it follows that AB may be 
divided at two points, so that the rectangle contained by its sogments 
muy be equal to the square on K, If K increases, the st. line YZ 
will recede from AB, and the points of intersection P, P’ will con- 
tinually approach one another; until, when K is equal to the radius 
CD, the st. line YZ (now in the position ¥’Z’) will meet the are in 
two coincident points, that 1s, will touch the semicircle at D; and 
there will be only one solution of the problem. 

If K is greater than CD, the straight line YZ will not meet the 
semicircle, and the prublem is impossible. 

Hence the greatest Jength that K may have, in order that the con- 
struction may be possible, is the radius CD. 

.. the rect. AM, MB is a maximum, when it is equal to the suare 
on CD; 

that is, when PM coincidis with DC, and consequently when M 
is the middle point of AB. 


Obs. The special feature tu be noticed in this problem is that the 
maximum is found at the transitional point between two solutions 
and no solution; that is, when the two solutions cuincide and become 


identical. 
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The following example illustrates the same point. 


2. To find at what point in a given straight line the angle subtended 
by the line joining two given points, which are on the same side of the 
given straight line, is a maximum. 


Let CD be the given st. line, and A, B the given points on the 
same side of CD: 
it is required to find at what point in CD the angle subtended by the 
st. line AB is 2 maximum. 
First determine at what point in CD, the st. line AB subtends a 
given angle. 


This is done as follows:— 


On AB describe a segment of a circle containing an angle equal to 
the given angle. rr. 33. 


If the are of this segment intersects CD, two points in CD are 
found at which AB subtends the given angle: but if the arc does not 
meet CD, no solution is given, 


In accordance with the principles explained above, we expect that 
& maximum angle is determined at the limiting position, that is, 
when the arc touches CD; or meets it at two coincident points. 
[See page 213.] 
This we may prove to be the case. 


Describe a circle to pass through A and 
B, and to touch the st. line CD. 
[Hx, 21, p. 235.] 
Let P be the point of contact. 
Then shall the 2 APB be greater than a 
any other angle subtended by AB ata point / 
in CD on the same side of AB as P. H 


For take Q, any other point in CD, on 
the same side of AB as P; 
and join AQ, QB. 
Since Q is a point in the tangent other 
than the point of contact, it must be with- 
out the circle, 


‘. either BQ or AQ must meet the arc of the segment APB. 
Let BQ meet the arc at K: join AK. 
Then the 4 APB=the 2 AKB, in the same segment: 
but the ext. 2 AKB is greater than the int. opp. 2 AQB. 
.. the Z APB is greater than AQB. 
Similarly the 4 APB may be shewn to be greater than any other 
angle subtended by AB at a point in CD on the same side of AB: 
that is, the 4 APB is the greatest of all such angles. 9. r.p. 


Nore. Two circles may be described to pass through A and B, 
and to touch CD, the points of contact being on opposite sides of AB: 





>." 
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hence two points in CD may be found such that the angle subtended 
by AB at each of them is greater than the angle subtended at any 
other point in CD on the same side of AB. 


We add two more examples of considerable importance. 


3. Ina straight line of indefinite length find a point such that the 
sun of its distances from two given points, on the same side of the given 
line, shall be a minimum. 


Let CD be the given st. line of 
indefinite length, and A, B the given .B 
points on the same side of CD: / 
it is required to find a point Pin 
CD such that the sum of AP, PB is A ae 
a minimum. IS x 
Draw AF perp. to CD; wa / 
and produce AF to E, making FE Sod 
equal to AF. C Fi /P_U-Q D 
Join EB, cutting CD at P. fo 
Join AP, PB. va 
Then of all lines drawn from A : 
and B to a point in CD, 
the sum of AP, PB shall be the leust. 


For, let Q be any other point in CD. 
Join AQ, BQ, EQ. 


Now in the A* AFP, EFP, 
AF=EF, Constr. 
Because {and FP is common; 
and the ZAFP=the ZEFP, being rt. angles. 
“. AP=EP. 1.4 


Similarly it may be shewn that 
A 


Now in the A EQB, the two sides EQ, QB are together greater 
than EB; 
hence, AQ, QB aie together greater than EB, 
that is, greater than AP, PB. 


Similarly the sum of tho st. lines drawn from A and B tu uny other 
point in CD may be shewn to be greater than AP, PB. 
.. the sum of AP, PB is a minimum. 


Q. ED 

Nore. It follows from the above proof that 
the Z APF-=the z EPF 1.4. 
=the 2 BPD. 1. 15, 


Thus the sum of AP, PB is a minimum, whicn these lines are 
equally inclined *- “™ 
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4. Given two intersecting straight lines AB, AC, and a point P 
between them; shew that of all straight lines which pass through P 
and are terminated by AB, AC, that which is bisected at P cuts off the 
triangle of minimum area, 


Let EF be the st. line, terminated 
by AB, AC, which is bisected at P: 
then the A FAE shall be of mini- 
mum area. 


For let HK be any other st. line 
passing through P: 
through E draw EM par! to AC. 


Then in the A* HPF, MPE, 





f the 2 HPF=the z MPE, 1. 15. 
Because /and the 2 HFP=the z MEP, 1. 29. 
and FP=EP,; Hyp. 

.. the A HPF=the A MPE. 1. 26, Cor. 


But the A MPE is less than the A KPE; 
.. the A HPF is less than the a KPE: 
to each add the fig. AHPE; 
then the a FAE is less than the A HAK. 


Similarly it may be shewn that the A FAE is less than any other 
triangle formed by drawing a st. line through P: 
that is, the A FAE is a minimum. 


EXAMPLES. 


1. Two sides of & triangle are given in length; how must they 
be placed in order that the area of the triangle may be a maximum? 


2 Of all triangles of given buse and area, the isosceles is that 
which has the least perimeter. 


3. Given the base and vertical angle of a triangle; construct it 
so that its area may be a maximum. . 

4. Find a point in a given straight line such that the tangents 
drawn from it to a given circle contain the greatest angle possible. 


5. A straight rod slips between two straight rulers placed at 
right angles to one another; in what position is the triangle 
intercepted between the rulers and rod a maximum? 
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6. Divide a given straight line into two parts, so that the sum of 
the squares on the segments may 


(i) be equal to a given square, 
(ii) may be a minimum. 


7. Through a point of intersection of two circles draw a straight 
line terminated by the circumferences, 


(i) so that it may be of given length, 
(ii) so that it may be a maximum. 


8. Two tangents to a circle cut one another at right angles; 
find the point on the intercepted are such that the sum of the 
perpendiculars drawn from it to the tangents may be a minimum. 


9. Straight lines are drawn from two given points to meet onc 
another on the convex circumference of a given circle: prove that 
their sum is a minimum when they make equal angles with the tangent 
at the point of intersection. 


10. Of all triangles of given vertical angle and altitude, tlic 
isosceles is that which has the least area. 


11. Two straight lines CA, CB of indefinite length are drawn 
from the centre of a circle to meet the circumference at A and 8; 
then of all tangents that may be drawn to the circle at points on the 
arc AB, that whose intercept is bisected at the point of contact cuts 
off the triangle of minimum area. 


12. Given two intersecting tangents to a circle, draw a tangent to 
the convex arc so that the triangle formed by it and the given tan- 
gents may be of maximum area. 


13. Of all triangles of given base and area, the isosceles is that 
which has the greatest vertical angle. 


14. Find a point on the circumference of a circle at which the 
straight line joining two given points (of which both are within, 
or both without the circle) subtends the greatest angle. 


15. <A bridge consists of three arches, whose spans are 49 ft., 
32 ft. and 49 ft. respectively: shew that the point on either bank 
of the river at which the middle arch subtends the greatest angle 
is 63 feet distant from the bridge. 


16. From a given point P without a circle whose centre is C, 
draw a straight line to cut the circumference at A and B, so that the 
triangle ACB may be of maximum area, 


17. Shew that the greatest rectangle which can be inscribed 
in a circle is a square. 


18. A and B are two fixed points without a circle: find a point 
P on the circumference such that the sum of the squares on AP, PB 
niay bea minimum. [See p. 147, Ex. 24.] 
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18. ABC is a triangle, and from any point P perpendiculars 
PD, PE, PF are drawn to the sides: if $,, S,, S, are the centres of 
the circles circumscribed about the triangles EPF, FPD, DPE, 
shew that the triangle $,S,S, is equiangular to the triangle ABC, 
anh that the sides of the one are respectively half of the sides of the 
other. 


19. Two tangents PA, PB are drawn from an external point P to 
a given circle, and © is the middle point of the chord of contact 
AB: if XY is any chord through P, shew that AB bisects the angle 
XCY. 


20. Given the sum of two straight lines and the rectangle con- 
tained by them (equal to a given square) : find the lines. 


21. Given the sum of the squares on two straight lines and the 
rectangle contained by them : find the lines. 


22. Given the sum of two straight lines and the sum of the 
squares on them : find the lines. 


23. Given the difference between two straight lines, and the rect- 
angle contained by them : find the lines. 


24. Given the sum or difference of two straight lines and the 
difference of their squares : find the lines. 


25. ABC is a triangle, and the internal and external bisectors of 
the angle A meet BC, and BC produced, at P and P’: if O is the 
middle point of PP’, shew that OA is a tangent to the circle circum- 
scribed about the triangle ABC. 


26. ABC is a triangle, and from P, any point on the circum- 
ference of the circle circumscribed about it, perpendiculars are drawn 
to the sides BC, CA, AB meeting the circle again in A’, B’, C’; 
prove that 

(i) the triangle A’B’C’ is identically equul to the triangle ABC. 
(11) AA’, BB’, CC’ are parallel. 


27. Two equal circles intersect at fixed points A and B, and from 
any point in AB a perpendicular is drawn to meet the circumferences 
a same side of AB at P and Q: shew that PQ is of constant 
ength. 


28. The straight lines which join the vertives of a triangle to the 
centre of its circumscribed circle, ure perpendicular respectively to the 
sides of the pedal triangle. 


29, P is any point on the circumference of a circle circumscribed 
about a triangle ABC; and perpendicular; PD, PE are drawn from P 
to the sides BC, CA. Find the locus of the centre of the circle circum- 
acribed about the triangle PDE. 
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30. P is any point on the circumference of a cirele cireumseribed 
about a triangle ABC: shew that the angle between Simson’s Line for 
the point P and the side BC, is equal to the angle hetween AP and 
the diameter of the circumscribed circle through A. 


31. Shew that the circles circumscribed about the four triangles 
formed by two pairs of intersecting straight lines mvet in a point. 


32. Shew that the orthocentres of the four triangles formed by two 
pairs of intersecting straight lines are collinenr. 


ON THE CONSTRUCTION OF TRIANGLES. 


33. Given the vertical angle, one of the sides containing it, and 
the length of the perpendicular from the vertex on the base: construct 
the triangle. 


34. Given the feet of the perpendiculars drawn from the vertices 
on the opposite sides: construct the triangle. 


35. Given the base, the altitude, and the radius of the circum- 
scribed circle; construct the triangle. 


36. Given the base, the vertical angle, and the sum of the squares 
on the sides containing the vertical angle: construct the triangle. 


37. Given the base, the altitude and the sum of the squares on 
the sides containing the vertical angle: construct the triangle. 


38. Given the base, the vertical angle, and the difference of the 
squares on the sides containing the vertical angle: construct the tri- 
angle. 


39. Given the vertical angle, and the lengths of the two medians 
drawn from the extremities of the base: construct the triangle. 


40. Given the base, the vertical angle, and the difference of the 
angles at the base: construct the triangle. 


41. Given the base, and the position of the bisector of the vertical 
angle: construct the triangle. 


42. Given the base, the vertical angle, and the length of the 
bisector of the vertical angle: construct the triangle. 


43. Given the perpendicular from the vertex on the base, the 
bisector of the vertical angle, and the median which bisects the base: 
construct the triangle. 


44. Given the bisector of the vertical angle, the median bisect- 
ing the base, and the difference of the angles at the base: construct the 
triangle. 
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APPENDIX. 


I. ON POLE AND POLAR. 
DEFINITIONS. 


(i) Ifin any straight line drawn from the centre of a circle 
two points are taken such that the rectangle contained by their 
distances from the centre is equal to the square on the radius, 
each point is said to he the inverse of the other. 

Thus in the figure given below, if O is the centre of the circle, and 
if OP . OQ=(radius)’, then each of the points P and Q is the inverse 
of the other. 

It is clear that if one of these points is within the circle the other 
must be without it. 


(ii) The polar of a given point with respect to a given circle 
is the straight line drawn through the inverse of the given point 
at right angles to the line which joins the given point to the 
centre : and with reference to the polar the given point is called 
the pole. 


Thus in the adjoining figure, if OP . OQ=(radius)’, and if through 





P and Q, LM and HK are drawn perp. to OP; then HK is the polar 
of the point P, and P is the pole of the st. line HK: also LM is the 
polar of the point Q, and Q the pole of LM. 
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It is clear that the polar of an external point must intersect the 
circle, and that the polar of an internal point must fall without it : 
also that the polar of a point on the circumference is the tangent at 
that point. 


1. Now it has been proved (see Ex. 1, 
page 233] that if from an external point P 
two tangents PH, PK are drawn to a circle, 
of which O is the centre, then OP cuts the 
chord of contact HK at right angles at Q, 


so that 
OP . OQ == (radius), 

“. HK is the polar of P with respect to the 
circle. Def. (ii). 

Hence we conclude that 

The Polar of an external point with 
reference to a circle is the chord uf contact of 
tangents drawn from the given point to the circle. 





The following Theorem is known as the Reciprocal Property of 
Pole and Polar. 


2. If A and P are any two points, and if the polar of A with 
respect to any circle passes through P, then the polar of P must pass 
through A. 


Let BC be the polar of the point A 
with respect to a circle whose centre is 
O, and let BC pass through P: 
then shall the polar of P pass through A. 

Join OP; and from A draw AQ perp. 
to OP. We shall shew that AQ is the 
polar of P. 

Now since BC is the polar of A, 

.. the 4 ABP is art. angle; 

Def. (ii), p. i. 
and the Z AQP isart. angle: Constr. 
.. the four points A, B, P, Qareconcyclic; 

” O@A.OP=OA.OB u1. 36. 
= (radius), for CB is the polar of A: 
.. P and Q are inverse points with respect to the given circle. 
And since AQ is perp. to OP, 
.. AQ is the polar of P. 
That is, the polar of P passes through A. 





Q. E. YP. 


A similar proof applies to the case when the given point A is 
without the circle, and the polar BC cuts it. 
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3. To prove that the locus of the intersection of tangents drawn to 
a circle at the extremities of all chords which pass through a given point 
is the polar of that point. 


Let A be tho given point within the 
circle, of which O is the centre. 
Let HK be any chord passing through 
A; and let the tangents at H and K 
intersect at P: 
it is required to prove that the locus of 
P is the polar of the point A. 
I. To shew that P lies on the polar 
of A. 
Join OP cutting HK in Q. 
Join OA: and in OA produced take the 
point B, 
so that OA . OB: (radius)*. m1. 14. 
Then since A is fixed, B is also fixed. 
Join PB. 
Then since HK is the chord of contact of tangents from P, 
”, OP .OQ=(radius)*. Ex. 1. p. 233. 
But OA . OB=(radius)?; Constr. 
“. OP, OQ=OA. OB: 
. the four points A, B, P, Q are concyclic. 





.. the 2* at Q and B together =two rt. angles, ir, 2%. 
But the Z at Q is art. angle; Constr. 

., the 4 at B is a rt. angle. 
And since the point B is the inverse of A; Constr. 


. PB is the polar of A; 
that is, the point P lies on the polar of A. 


II. To shew that any point on the polar of A satisfies the given 
conditions, 

Let BC be the polar of A, and let P be any point on it. Draw 
tangents PH, PK, and let HK be the chord of contact. 

Now from Ex. 1, p. ii, we know that the chord of contact HK 
is the polar of P, 
and we also know that the polar of P must pass through A; for P is 
on BC, the polar of A: Ix, 2, p. ii. 

that is, HK passes through A. 
‘. P is the point of intersection of tangents drawn at the ex- 

tremities of a chord passing through A. 

From I. and II. we conclude that the required locus is the polar 
of A. 


Nore. If A is without the circle, the theorem demonstrated in 
Part I. of the above proof still holds good; but the converse theorem 
in Part IT, is not true for all points in BC, For if A is withont the 
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circle, the polar BC will intersect it; and no point on that part of 
the polar which is within the circle can be the point of intersection of 
tangents. 


We now see that 


(i) The Polar of un external point with respect to a circle is the 
chord of contact of tangents drawn from it. 


(ii) The Polar of an internal point is the locus of the intersections 
of tangents drawn at the extremities of all chords which pass through 
it. 

(iii) The polar of a point on the circumference is the tangent at 
that point. 


EXAMPLES ON POLE AND POLAR. 


1. The straight line which joins any two points is the polar with 
respect to a given circle of the point of intersection of their polars. 


2. The point of intersection of any two straight lines is the pole of 
the straight line which joins their poles. 


3. Find the locus of the poles of all straight lines which pass 
through a given point. 


4. Find the locus of the poles, with respect to a given circle, of tan- 
gents drawn to a concentric circle. 


5. If two circles cut one another orthogonally and PQ be any 
diameter of one of them; shew that the polar of P with regard to the 
other circle passes through Q. 


6. If two circles cut one another orthogonally, the centre of each 
circle is the pole of their common chord with respect to the other circle. 


7. <Any two points subtend at the centre of a circle an angle equal 
to one of the angles formed by the polars of the given points. 


8. O is the centre of a given circle, and AB a fixed straight line. 
P is any point in AB; jind the locus of the point inverse to P with 
respect to the circle. 


9. Given a circle, and a fixed point O on its circumference: P is 
any point on the circle: find the locus of the point inverse to P with 
respect to any circle whose centre is O. 


10. Given two points A and B, and a circle whose centre is O; 
shew that the rectangle contained by OA and the perpendicular from B 
on the polar of Ais equal to the rectangle contained by OB and the 
perpendicular from A on the polar of B. 
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I ON THE RADICAL AXIS. 


1, Lo find the locus of puints from which the tangenta drawn to 
two given circles are equal, 


Tig. 1, Fie. 2. 





Let A and B be the centres of the given circles, whose radii are a 
and b; and let P be any point such that the tangent PQ drawn to the 
circle (A) is equal to the tangent PR drawn to the circle (B): 

it 1s required to find the locus of P. 
Join PA, PB, ,Q, BR, AB; and from P draw PS perp. to AB. 
Then because PQ=PR, .. PQ?=PR?°. 


Bui PQ?=PA?-— AQ"; and PR?= PB? ~- BR?: 1. 47. 
.. PA*—-AQ?=PB?- BR?; 
that is, PS? + AS? — a-= PS*+ SB? - 0°; 1. 47, 
or AS? ~- a?= SB? - 0. 


” Hence AB is divided at S, so that AS? - SB2=a?— L?: 
“ Sis a jized point. 

Hence all points from which equal tangents can be drawn to the 
two circles lie on the straight line which cuts AB at rt. angles, so 
that the difference of the squares on the segments of AB is equal to the 
difference of the squares on the radii. 

Again, by simply retracing these steps, it may be shewn that in 
Fig. 1 every point in SP, and in Fig. 2 every point in SP exterior to 
the circles, is such that tangents drawn from it to the two circles are 
equal. 

Hence we conclude that in Fig. 1 the whole line SP is the required 
locus, and in Fig, 2 that part of SP which is without the circles. 

In either case SP is said to be the Radical Axis of the two circles. 
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Cornotuary. If the circles cut one another as in Fig. 2, tt is clear 
that the Radical Axis is identical with the straight line which passes 
through the points of intersection of the circles; for it follows readily 
from 111. 36 that tangents drawn to two intersecting circles from any 
point in the common chord produced are equal. 


2. The Radical Axes of three circles taken in pairs are concurrent. 





Let there be three circles whose centres are A, B, C. 
Let OZ be the radical oxis of the ©* (A) and (B); 
and OY the Radical Axis of the ©* (A) and (C), O being the point of 
their intersection: 
then shall the radical axis of the @* (B) and (C) pass through O. 
It will be found that the point O is either without or within all 
the circles. 


I, When O is without the circles. 
I’rom O draw OP, OQ, OR tangents to the ©* (A), (B), (C). 


Then because O is a point on the radical axis of (A) and (B); Hyp. 
ve P=OQ. 
And because O is a point on the radical axis of (A) and (C), Hyp. 
». OR=OR; 
.. O is a point on the radical axis of (B) and (C), 
i.e. the radical axis of (B) and (C) passcs through O, 


II, If the circles intersect in such a way that O is within 
them all; 
the radical axes are then the common chords of the three circles 
taken two and two; and it is required to prove that these common 
chords are concurrent. This may be shewn indirectly by 111. 35. 


Derinition, The point of intersection of the radical axes of three 
circles taken in pairs is called the radical centre. 
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To draw the radical axis of two given circles. 





Let A and B be the centres of the given circles: 
it is required to draw their radical axis. 
If the given circles intersect, then the st. line drawn through their 
points of intersection will be the radical axis. [Ex, 1, Cor. p. vi.] 
But if the given circles do not intersect, 
describe any circle so as to cut them in E, F and G, H: 
Join EF and HG, and produce them to meet in P. 
Join AB; and from P draw PS perp. to AB. 
Then PS shall be the radical axis of the ©* (A), (B). 


Derinition. If each pair of circles in a given system have 
the same radical axis, the circles are said to be co-axal. 


EXAMPLES. 


1. Shew that the radical axis of two circles bisects any one of their 
common tangents. 


2. Jf tangents are drawn to two circles from any point on their 
radical axis; shew that a circle described with this point as centre and 
any one of the tangents as radius, cuts both the given circles ortho- 
gonally. 


3. Ois the radical centre of three circles, and fron Oa tangent 
OT is drawn to any one of them: shew that a circle whose centre is O 
and radius OT cuts all the given circles orthogonally. 


4. If three circles touch one another, taken two and two, shew that 
their common tangents at the points of contact are concurrent. 


